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NOTE: The original printing of the student text appeared in 
four parts. The present printing appears in t>;o parte* 
References in this cormentary to Part 1 or Part 2 of the text 
are^ therefore^ to Part I of the present student text^ and 
' references to Parts 3 or ^ are to Part II* 




Vi^s to Use Sili '^gri 



A caref^l ex^natlQQ of the text will reveal certain 'baaic featareii 
1. Altbmigh much of the information to te it^arted is broken ,tovn into 



email gteps^ thi 



le hook also containe paasages of ptraight text^ t^ere 
wl^h the st-udent to conelder a conc^t in its entirety^ or lAere 
we wish to motilvate a transition to a mv Idea^ or for som similar 



piirpose* 

Ihe student is 
in passages of 



to write a word 
cases ^ the stuq' 
circling a letti 
correct axiswers 
provide speci 



correct respon 
except whe^e he 
to the items to 
the preface to 
it helpfiil to c 
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required to respond in some imy at each sttepj exc^t 
str^ght Imxt^ A special re^onse ^aet for each 
section. is provided, Itequentlyj the required mode of response is 

or niimeral which co^letes sentence. In other , 
ent is asked to indicate a choice of responses hy 
mt. From time to time exercises sct^^ 'rtiieh the 
^e si^plled at the "back of the hook* ttese exercises 
opportunity for the student to i^ite up solutions In 



con^lete ^d aqceptable form, 

'The student's response is inmediately reinforced hy checking ag^nst 



es -fetich ^e fumished'to him. Since most of these^^ ' 
is referred to the answer fiey--are of necessity close 
which they correspond they are In shaded zones* In 
the textj we suggest to the student that he will find 
lover the shaded zone with a piece of p^er or a card 



while he makes ;hls response, ^ " i 

Of course, the Gtuddnt will gain little by blindly copying responses, 
the attitude that hy so doing the student ^'cheats" 
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teacher should encoui'age 

himself. On the other hand, learning is an a/tlve process, ^d there seems 
little ground for concern if student occasfefrf^ly verifies his |espense 
before wi^itine it,. In particLaais 5tuden|,s should feel t^at working the 
prograjn is extended t^st situation, and teachers should help them to define^ 
go^G in tei^ms of ideas skills mastered, rather than of the number of 
resporiiies completed. We hope that students will become aware that they can . 
often learn from mistakes, _ , ' . 

The classroom usee of the hook may vary according to the abilities and the 
mathematical background of the students, from a cofrpletely self-p^ed techniq-ue 
to a more conventlonaL Dituation in which the book is used as a basic text^ with 
qpportunit ies for clasn tliocuasion and Indivrdual help. 



For lujerlor stutonts^ self-pacing may be especial^ effective^ Bimrn^ It 
■TOUld enable such students to wove r.i^idly. ThiB wmild be particularly true 
ia the early chapters ^Ich Include rmqh material with which they may alraa^ 
^be ff^Uar. ■ ' 

For itudentg of average ability^ part of , the working *of the progrm maj*^\ 
be done In clasa^ with the teacher free to move about, giving individual* help 
and guidance. With the rest of the work "done outside -of class^ the ^roup will 
be enabled ttt-move at a uniform pace^ with time avai4.ahle for class diicuseion 
at frequent intervals*, - - ' 

The progrsjned format also makes feasible several flexible arrangements: 

1* A student who is absent for several dsys can be 'expected to gain 

more from working through the progrmn on his own than he, could learn 
from- an ordinar^^ text without special help, ^ 

2, ^ A student who enters the class late in the yea2\ should be able to 
catch up more easily^ with less extra asslstajicei than would be 
possible with, a coriventional text, ^ \ " " * 

3 • s tu de n t wh3 o ft en (ir op s b eh i n d ai i d bee ome s h op e ie s s 13^= o s t a 
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conventional class may t-e able to continue at his own pa^ in this 
textj and. thus saiva^^e^Gomethinf^ =frorn tlie year*s work. 

For g tilde nts who needvmpj^e help w'lth details of the work- ''branches"* 
have been built in to provide this aid. Also^ detailed solutions to 
many problcmc will be fo^l in the aiiower key slctj 



lion* 



5* l-'rom tlffi® to time "skips" ai^e provided in order that the more able 

student is not foi-ced to waste tirie on what he has alread^^ mastered^ ^ 
or to sulTer endlejj repetition of details whicli'are needed by the 
*less able. 

6, Starred eKerci-e^ hsf/e beei. Included in many placcsl , These contain 
more challen^^lnf quentions, and Provide IntereEtin^^ work for the 
uupej'^loi^ -jtudent iiio .1 e:^,; v±b] ei? :::tudent 1:^ enf^a^^ed In proceeding 

slowlyj 02- 1?; "bi'a:.^;MUfi:-=" ovei- minoz' detail::* 



Ttie approach^ in thl-S| text^ a.' iii the CmG Flv-t Couvzo in Algebra on which 
this is based, 1:: :n.Lr-j! |;: ly^nvA ii::i;t ij, iv.ia'lj every eoiv:ept Introduced ^" 
appears i^epeatedly lixi^f For thl; i^e-ro-, th'j toM-hen vlio 1j using a text of 
this sort for the rir.;t lU::- i::,oa'\ I reu/ii-n tlvA coT;;plote ii.artery of many topics 
is not to be Inrl/tod UDnr, vr.^^- tho%^ m:^--' ^'"r^t • . 
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Since ^h^ee in the arrangemwt of some topics and In iOT© dataili of 
trea^OTt hive been .mads in tftis final revieion^ It ie miggeBtad. that even 
thD^. teaohera Tiho are f miliar with the FiJUt Courie In Algetea should TOfK 



^through the proftram vith care* "niis procediAe is^ of course^ inqperative for 
the teaoheij who is teaching S}©G Aleebya for the firet time, 

" Ihe pitbgram is intended to provide a fuft yearns cowse for =a 'superior 
student 'with a good hackground in such topics as those included in the SMSG 



.texts fbr grades 7 and 8* For 'less" .able students and studen=ts ,^itMout such 
\ hackgroundji it i^ neGeSBary to select, from the wealth of material in. the tesrt^ 
thbse toplcB which ai^e ba^ic to an\adequate course in first ye ^ algehra. In, 
general, however; we suggest that Parts 1 and 2 shauld he cov^ed in ^fe ffe^at 
^^f of the school yee2% ^ ^ ' ^ 

For the averse student whose hackground is ^ai^gely traditional aritlmetic^ 
the unstarred items in the following chapters form a minimal course: 

Chapte/g 1-18 ^ * ^ ' - 

^ ^ r \ , Chapter 20 ^ ■ , ' 

^ . ^ . Chapter 22 ' ' | 

^ Where time pernAts, this may be em^iched by adding pthei: sections or chapters, 
and by assigning staj^red items. ^ ' s 

Although th| constructior/ of suitable cl^apter tests is left to the sHlll 
aiid jucJg-ment of the teacher, at the end of this voi™e (pafee 90 ) are . suggested 
test items for each chapter, which have been eorr^iled as an "aid in testing for ^ 
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the goals of the chapter 



In 
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' ^ ' / ' : ' , 

Slnca the program Is self-Gontained^ la thd s^i?e that student should 
"be^la to follow the details or th© mathematiofl devQlopmanij tl^s outline is 
rath^ hrlef. We hOT>^ that the outline-, vlll gu±d#'the teacher in understandii^ 
, the Idaas that underlie tlje 'mathematicil presentation, . > ^ - 

The genera plan of the cburse ie to tulld ^on the student *s ej^erlenee 
with arithmetic, We^assume that the student is f^nill^ with the bperations of 
addltiofl and milt ipli cat Ion in arithmetic^ The student has protably had 
e^^o^swe, to usihg a nmber line. In Chapters 1-^ the student is led to extract 
from his experience the fimdamental properties ^of addition «id multiplication, 
aeset chapters also Introduce the Itoguage of «ts^ the notion of va^lable^ and 
fte concept of "order on the nmnber line, ' Mich of this inaterial may he fs^liar 
to many stude^a. It is hoped that these chapters may be covered quickly* In 



the early ch^ters the student will become acquainted with the mechanics of the 
program '^whlle dealing ^rtth materia ^Ich ^is not entirely new to him. 

Ch^ter'5 Is of a special pa^^ f It is designed to assist the student' 
In dwelqpli^ .^^iH' in ueing the language and symbolism of algebra in relation 
.to word prohlems, ' - ' * ^ 

Part 2 (CTiipters 6-11) begins >rith the Introduction of the negative real , 
nimbers* This Introduction is made by adjoining the set oS negative repl . 
numbers to the set of numb^^^ of arithmetic^ ^ Ihe number line is used to pro- 
vide a geometrically intuitive model. - Some students h^ve had experience wl^ ^ 
negative niimbers^ but our use of "^posltes" will probably ^e new* Addition 
and milt ipli cation ^e then defined for the real numberG. We_ base »t^ese defi- 
nitions on the student *s ability to add ajid miltiply in arithmetic^ on^the 
definition of "o^osite" and in the desire to presei^e .the fimdajiiental p roper = 
tles^ Ihus^ we "extend" these operations from the set of numbers of a2\ithmetic 
to the set of real numberg. Adopting the samS^^poini = of view^ w^ extend the 
order relation "is less th^'Sto^the reel numbers and develop the basic prop€r- 
tj.es of "this rel4tion^ , ^ 

At the end of Chapter 10^ the -development- of the real number system Is 
sumMrized,. The fundamental properties of addition^ Tnultlplication/ and order 
are listed, ^ese are axioms for an ordered fields ayhough -we do not use this' 
terminology, l^ie Completeness Axiom^ i^ich is needed 'for a full definition of 
the real number system ^ is not g^resented. At this pointy we also list the 
various theorems which have begn discussed. Clmpter 11 cont.Lanc deflnitic^s of 

* ' ^ . ■- 
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jiybti^aetlon wid division In terra| of addition aad ma-^licatlon, re^eetlvely. 
' TOii co^letas ilia jrteriglon'of the Bjltlinetic of the non- negative niaiiflbers to . 
/; th© real numheri * ^ . " ^ 

Port 3 biglns with a chapter on the factorizatibn of pOBltive integers, 
^ "S^ifi of this mateiri^ will he in the hatiire 'of review to most students. It ie ^ ' 
' iriclude4 at this ^oint for sever^ reasons, Ij^ is^ needed in working i^th 
• fract>ions oid polynomialsi and we wish to' pointr*^u%j later on^ the "an'^ogies 
'"between factoring integers and factoring polynomi^s.^ In addition^ th^^fnaterial 
is interesting in^its own right and it offers a cha^e of piwe for the student, 
. , Chapters 13-17 deal largely with topics that are u^ally considered as . - 

"elementatry algebra*', Kiese topics are fractions^ eKponent^^- radicals^ and 
polynomials. As mMpulativi skills ai^e develdped^ the' student Is e3<^qGted to 
underst^d th© ^re^asons which Justify ^the manlpulati!^, Hiese reasons^ in 
^tuTO^ depend on the farlier materialj that is^ on the fundamental properti^' 
of the real -number system. Part. 3 cohcludes with the'^^^lcation'of the _ 
technique of con^leting the squai^e to the generELl quadratic" polynomial^ ^ 
ax + hx + c . 

hbre advanced topics are found in ^,art k ^' including rational e^^ressions^ 
^ equivalent equations and Inequalities p ihci real numher plane^^ gtsphs of line^ 
equations and Inequalities^ systtas of linear equations and ^ Inequalities^ and 
graphs of quadimtlc polynomials ^are the topics ofj^iapters l8-23. 

Chapter 2^4^ provides an introduction to the in^ortant concept of function, * 
Only real valued functions of a real variable iU^e conslder^ed, Ilia^ rate of 
progress through the prograin will va^^y from student to student^ but we hope ^ 
that the better students will be able to ^ complete the .material oji functions, - 

miere is available a book wi^itten specifically to e^lain the mathejii.tical 
thinking behind SMSQ First Course in Algeb^ . Tills Is Studies ia Mathe^ ^ 

matici, ^1. Ill, StructO^ of Elementaj-y Algebra . (Yale Universlta^ 1961*)^ 
Sincere ^programed 'material h£ been developed from ^rst Course^ the Haag 
volume is a valuable reference. 
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imROIUCTION TO 1 ' 

. * (Oiapters 1-5) 



The point of view adopted by the authors of t^is prograinfid text le that 
tha'Stiadent of a first ctm-Bm in algebra has had a great deal of exparlenae 
with the techniques of arithmetic. He may or mW not ta^a^had some Irtro- 
Action to the algebr^lp etructure imderlylng these techniques.- Therefore 
we begin hy^ revievljdg the operations o^ addition mid" multiplication for the 
nufflhers of arithmetic (the noninegativfi real numbers), and stating the prop- 
erties of these operations in algebraic language. No attest is made to prove 
these propertlesj the generali^^ons are made from numerical exai^les which 
«e fandll^ to the student^. 

The first four chapters may be thought of as the introductioji or "prqlogue" 
to the course. In these chapters we intsfciduce the languagl of aj-gebra, ^e 
^idea of "set" plays an ii^ortant role thi-ou^hout this course ^ but we do not 
attempt to develop foiroal concepts from set theory* 

A great deal of use is made of the ''number line''. Here we give a geoMtrlc 
interpretation of the numbers "Under consideration. In this part we establish 
a one- to- o^ corre^ondence between the niimbers of ^ithmetic and all points 
of tl^ line to the Tight of the number 0, and the number * 0 itselfl* The 



'Lei 



than" lE 



deflried 



concept of order is derived from, this correBpor\dence, 
^^ean "to the left of" on the number line, |' 

. Although the operations of subtraction and division are fmiliejj^^o the 
studentj we do not en^hasise these as separate^ operations since we shall con- 
ce^rati__on the Sevelopment qf the real number field with the operations of' 
addrtion and multiuli cation. ^ 



Lon and multiplication, ' 

At the end of^ this Introduction is a. summai'y of the propertle 
operations of addition a^id multiplication fof the numbers of arithmei 
Ihe final chapter of Part 1 serves to strengthen the use of the 



the 
ic 1 

mat he-' 

mati&al language developed^ ty concentrating on thq mathematical intisrpret&tion 
of verbal prob^^ms. ' ' f - \ 
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, ^ Chapter 1 ^ * ■ : _ . 

* ' ■ ^ ' n . 

' . ' . SETS Am Tlte wmffiER, LINK 

Students who imre studied S^G Mathematies ^ f or Jtinlcpr High ^School will 
have had come experience wiflh nets and ^he ^nuinber Mne. They may he>,ahla to ^ 
go throU0h this chapter father ^qulnkly but the^^^fihou]^ at l^ast tr34;tHt"r.evlev^ 
pr o hi g m s to be sui^ t \i^f^ un d bt s t and t he c o nc e p t c . . 

1-1^ Sets Bubs'fets . - ^ ' 

Although ^dl ofHhe firot sets tinted ^t^the outset or the chapter are 
not .exainplGff^^of set€ of numberG, we move quickly in^thc text to consideration- 
or such nets. At ^t^is'tirne we introduce the notation .used for ^set^. V/e olso 
define intersipction of sets ond ugion of sets since these are useful concepts 
throughout the course. Although ti^ symbols U H sxe not used eortbn^ 

sively throughout tfia text, the notation is introduced since it is berth useful 

oxicl famuli or* " > " 

We define nnd distinguish between the set of whole numbers and the^ set of 
counting numbers or naturpl numbers, but we find the set of whole numbers jnore_^ 
useful for our pmt^o^es* With the discussion of real numbers in Chapter 6, 
■ the term lntef:;ers will l^e introduced to designate whole numbers and their ^ 
oppo sites Ciiegatives \ - 

Tiicre ore three common errors made by students Ln working with the empty 
set. frhe. most common is the confusion 'of (0) and 0. Another mi stgke .is to ■ 
use the words empty set" or ''a null set'* instead of empty set^ lUere 

li '^ut one "empty set, tllough it has many descriptions, A third error is the 
> use of the symboi (0) instead of 0. ^ _ 

1=2, 111 e . Nii m D e r ^ Ll ^ 

qiie nnmber lint: is used as an Illustrative and motivntionnl device, and 
. ^ Q,jr discussion^of it 1^ quite Intuitive nnd informnl. As was the case with the 
preceding section^ mofe questions nre raised than cnn be answered immedl<ately. 
^ Presfent on the number line implicitly etre pointy corresponding to the 

uegatLve numbers, as is suggasted by the reference to n thermometer senile nnd 
by the nresence in the illustrations of the left side of the number line. 
Since, however, the pliin ol^ the course is to move directly tn the considera- 
tion of the properties of the operations on the non^negntive -umbers, -nything 
more thnn cM^BUrd recognitiori of the existence 6v the negative nurribers ,at this^ ^ 
time would be a distraction, 
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We etrphaslze the fact that - coordinate is the mimber^ which Is associated ' 
with a point ^^on the line.. Although we mist be cra-eful not to corlfuse coordln- ^ 
ate of a point with the poirkt itself j we wl.ll' ofteri^ say '*the^^int If" w^en ^ 
we mean the point with coordinate U. This is in keeping with the u 011.0! 
language of mathematics* s * ' *' ' ■ ' ' 

^le distinction h^tween numbef'^and hame of a numher comes up hei-e tLor the 
' first time, ^ \ ^ '• 

\ Observ-e tha^ the gerierra statetnent concerning rational -numbers is not a 
definition, because we do Vnot at this point inclucle the negative' rational 
number Aftei^ we have introduced negative niimbers in Chapter 6 we will have /-^ 
a derinitiun of rational numher s«-^"^r. the moment ve want to have the idea ' ^ 
that numbers like ^ etc. ^ :ire nmone the raAion4ls,^^ It is also p^sible 

to say that a number represented "by a fro.ction indlcnt'ine the quatient of a' 
whole number by a counting number Is a ra^tional numbe^, 

A ratidnal number may be representpd by a fraction/ but some ratlonffl^ 
number :; m#y^ also ^be represented 'by other num.erals, llie number line illustra= 
^ tlon gives the name ' well as the fractions " = , "| " > "| to nafTe^ 

thej-number 2. The same dlo|rain maJ^ea cle.ar t>mt not al.l o-atlonal. numbers are' 

whole num.bers. Uhe students mfiy have seen som.e fractions that do not represent^ 

■ t /2 - ^ ' ' 

ratiana^ numbers; such a^ , etc. So-called "decimal fractions" aj^e 

no^, hy this definition^ fractions. 

It is r^cessary to keep the words "rational number" anid "fraction" care= 

fully distinguished, l-ater on in the course ft will be seeh that. the meamlng 

of the term "fraction" Includes any expi"=ession^ possibly Involvini^ variabiles 

whj.ch IS in the form of an indicated, quotient. 

Hie idea of "density" of ther^ rational numbers is introduced, "density" 

oi" numbers we menu that between njiy two numbers there is always- another^ and 

hence tliat between any two numbers there aa^e infinitely mciny numbers. Ihis 

suggests that j on the' number line j between atiy two points there is always 

nnothoi^ point J ond^ in fact, infinitely many points^ 

^ A3 though it is assumed that the students are farraliar with numbers like 

/S^ etc,^ the discussion of .irrational numbers is postponed until later in 

the 'coarse . 

^ i'oi^ the time belng^ until Ch^.Lpter we^^ha^ll concentrate on the hon= 
n^n^^tive real numbers^ Ihi.; set oV nuiatiers ^ . inc 1 ud Ing 0 cfUd alf numbei-s 
which are coordinates of points to the rif^ht of Oj we call the set of 
numbers of arithmetic. Ai'ter we establish the. properties of operations on 
tliese numbers (in Chapter ^0 we sha'l consider the set of ^ all real numbers ■ 
whLili includes the iior^ative aumber:' (in Cli-pter n). Ihen in Chapters 7^ 9 
aiid 1(1 we spel] out the properties of operatians on ru L real numbers. 

3 
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Addition and f^iil tl plication on the Wiimber Line 

We use thiy oraphicfd daviee to illuctriite some*pf the properties of 
.addition- and mialtiplication of the real numberD, TTie- quection, "Miat number 
added to Is 8?" - leads to the illuKtrrLtior^ of subtraction on the number 

line:^ V/e interpret "8 ^ ^j'' meraiinf-^ "the nfeber added ^to ^ is 

th.9^t is, , ' . 

^ ■ ■ 8 ^''S n ls,^the 'snine as ^- n - 6. ^ ' 

n.e problem, - 3 leads ^3 the mimberr to the left of 0*. Hiese 

problems nre deferred until ^ftej^ tlic ne;; stive aurribern ca'e Introduced, 

The iniportsiice of the ido'i oV closure under given operations follows 
naturally from the above problem_y since the ^numbers of .arithmetic are not 
closed under ^ibtraction. We end thi- chspter vith a f^w exair^les of sets 
that are or 'u'e not closed undej' given operstlons. 



/a 
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Chapter 2 

■ i 

NUMERALS MW VMIABLES 



In this chapter we begin to make precis© the langus^e of algebra , that we 
still -use throughout thig course. Again ^ much of this lOuiy be fnjriilira-* to seme 
of the students mid they might well go through this chapter veiy quickly. 

2-1. Numerals and Numeric sJ. Phrases 

Th'e aim of this section is to bring out the distinction hetw^n numbers 

them3elves and the naines for them nndi ol so to Intro clue e the ?lotion of a phrase 

Along the way^ a number of irfrportant conventions used in. riLlgebra are pointed 

^ •- • ^ 

out . _ ^ ^ 

• We do not want to make a precise definition of ''common n^iine". : Tlie te^m 

is a relative one aji^ Should be used, quite informally, fcte'that some numbers 

such as n/2j do not have what we would wish at this time^ to call a cormnon 

1 1 

' name^ ^hile some may hcrv^e severoJ. comm.on names (e.g., ^ o.^i mid' etc 

The ideas of Indicated sum and Indicated product a^e very handy- ^ paxtlc = 

ularly in discussing the distributive -property ^ and will be used frequently. 

The agreement about the preference ■ for rmiltiplicutlon over addition is 

. made to facilitate the work with expressions and not as an end iii, itself. In 

certain kind.s of expressions the agreement might nJso apply to division as 

well as multiplication j for exaiT^le^ when division is WTitten in the fo.rm. 2/3 

or y 4^ 3* We prefer to avoid these forms. We use the form = whenever 

' ' ' ■ 3 \. 

pQii3sible* ■ ^. ■ ^ 

Ttie use of pEO^entheses might be compared to the use of punctuation maidts, 
in the writing of English. Empfiasis should, be placed on the^jse of paj^entheses 
to enable us to read expressions without fmibigulty aiid not on the technique of 
/manipulating parentheses, ^ 

'ihe words "numeral" and "numerical phrase" denote .aI.moEt the nnjne thin^. 
A phrase may be a more complicated expi"-esslon which iiwolveG some operations'^ 
"numeral" includ.es adl these and also the common naines of numbers. The term 
"numerical phrase" is a useful term for a. numerrLl which involves indicated . 
operations. 

ihe idea of .writing 3=2 as ;i sentenee may seeni odd. However ^ tills is 
a perfectly good mathematical sentence which happens to be frdse. Tne concept 
of "true"' or "fuaJlse" sentences is rui Irnportont one imd becomes piad:icul m\ly 
fruitful when we discuss variables atid open sentences in Cliapter 3. 
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* ■/"' We hava been doing two kinciH or tliiw,& witii our BentenceBi , V/e talk about 

Gehtenceii, and yia ur<- r.i:\it(:nv'ey , '^!Y\f:n vrco v/rMe 

. ve aj'e talking abdut our Iriii^iuare; vheri^ in the c.^iuTe oi.' ^&riec ol, ntepG, 

i ' 

%i ye using the 1 :msTi'i(;& . V/iien wo to,;:: 'M caiI t:Wv i-j.ru^re, we c:.:: porfectJj 
well'tAlk ^icdU^ a. f aide :jeivLencfe-, Ii* we rind thi:; cIl; i . 'Ihii^-y it ic^ quite 
rkll right to an.y 

-I- ■ J 0'' ir 'I : -itn teiice ; 
but it ia fai^ from -dl r^UL in u:^e i hc^ /^;-:te!i'--e ^ , ' • 

^ '"^ \ :n 

In the r>aur::e or a nroof. ^riieii v/0 ca^e 'w.-LUal":;- \u i/.: the l-iru-et?, t^Jse sen=^ 
¥ . ' . ^ 7^ ^■ 

tene^G have no pJace: when' ve a.re tuihlri;- out pvtr Utii^iu-j^e ^ they -re olten 

uneful. , U " ' ^ . 

nie vordjr'^inio'- llIuI " i r-'' :\-^r Goale; -e^- ^:-ec:-. i^relei'-Lb] e to "rlrht" and 
: "wron^" on "correet" "i i:oorre-t^' uecviro th- .letter i^m:ly^mor:U judr^^ 

mentc to many people. Ihor^ i:; i;:^.-!, ii-nnr-l, or ^h-n-onr'' ■in the 

usual cenne ot the woi'd nhc-ut ■■ a Geaienee, / 

nome Properties/ oh AMditL j:. u:.'- : :-l;lt. Lp:: Ic- t Ion 

o Ihe aim of thio nnh the n':-t .-e-tion 1- to look -t the fundomental prop = 

erties of addition -uit ipli.'-.t to:, lij-ten::;- or-jpeciric nunherc. It ie:* ^ 

importrait to eniphaGli^'e the p-Ueru hie- nere -li^-i we ao thin by wricinr, for 
example, the i ollowiny Vhor th^* -wi/r 'Im; :ve [^-operty for '■dciitlon: 

'*(fLrnt number reeoi: : nuii:: or) thio'cJ nurriVer ■-■ 

^ fijT't nu::::.er (.:e'jo:-.^: nu:!:: er - third nunil-^e:- ) - 

■Aie use uf the y r ^ert i-o: -rhlhU an oj:n y::u : t ip: ic nh ion u:: M:p-Ltl to 

cdniputation in oert-ar hiaa; oi' ^r:th::ioth; proalea- ha ioth intere^Ctlny and 

imnort-ait, hut la uh t a.. raaa':-^aa' a' ..a" ,h / -aa- iaa-;. ina arop,erT,iea ■ifiei-H 
F 1 . "~ ■ / 

nelvea play ^' ruarJMaiea ' rh- La "ai/ -iar;"e. 

After we extend the ae ^ a' :a;::a oar 'o Lac a ale the laa^aive real numberc, 

^we want to be rau^e we cai dej'lae i ae -)perat: ajar: or ^dcilTlon -ad nailtipj Ication 

for the ::et of rd ' real aaat era . 3 haa a.a a:a; art Laa j L' theae operaiiona i re 

preaeia-ed. ^here opera^daaa- .aioaai -ahlaue ' ) :o ti=e haa aiaaaop&r-tiona in 

the r:et oi" numhura oi' 1 '^a^'^' ■ ' i ' . ' . . 



Although we do not define binary* operation e3^1icitly--Ve do Indicate that' 
the operations of addition and. multiplication, are "binary operations, l^at is, 
the Slam of two numhers of arithmetic is a' unique number of arithmetic rmd the 
product- of two numbers of arithmetic is a unique n_um"ber of orlthmetic. From 
this we infer that closure of the set of whole niimbers under these operations 
will in^ly uniqiienesB of sum and product* 

We shall return to the properties in Chapter h where general Gta.tements 
using V ar lahles wil^ be given* They Eire discussed here not only as a part of 
the "spiral Biethod'^but because the dlsti^ibutive pi'Operty is needed in intro= 
^^ducis^ the concept of vai^iable. 

' - / ' V 

2^3.. '^e Distributive Property ' ' 

In this section we cons-ider the distributive property of multiplication 
over addition. We do not continue to use the complete name "but simply call * 
this the distributive propeyty ^ We vei^ballse this in terms of numbers of 
arithmetic and includg true and false sentences. The aim of these j in the 
cases in which the sentences are tinie, is *to ha^e the student recognise their 
truth J not because both Bides can be reduced to the ^sam_e common ^namej but 
because the sentence is an example of a' true pattern* Uhe frilse sentences are 
.intended to catch some mistajces students might make through mi sunder standing 
of the distributive property ^ oi" misuse of the notation for mixed fractions* 

2^kt Variables 

ihe word "variable'^ has many, connotations in mathe^'^ics and is^ Indeedj 
a difficult word to define. As it is-Jused 4iere^ it represents an unspecified 
numbei" from a given set of numbers. Thus^ in the probl.em used to introduce 
the tei^^ "var'iable"^ the vai^iable is used -to represent a number from the set 
{ 1 J ^^^^ 100 ) * In 0 the r pr qb lems , t he v ar 1 ab le may r ep r e se nt dji un spec if i e d 
number of arithmetic or an unspecified whjle number. The Imiportant idea here 
is that the variable alwg.ys represents a dumber; that iSj "x" or "n"" or 



any letter used as a'va^Kible names a nu^er from a given set. 

The set of numbers from which the =^alues of the variable ere chosen is 
called the dom.aln of thQ variable . In this part of the text^ the dommn is 
assumed to be the set of numbers of fLrithm.eticj unless otherv^ise cpecified. 

" Variable" will be dlscusEfed again in these Notes for Chapters 16 and I8* 

Once variables have been introduced we distinguish between "numerical 
ph2"ase" and "open phra.se"* ^ Ihls offers no trouble since £m open phrase is 
defined to be a phrase containing one o_r m_ore variables. ■ ' ' 

Note ""that we use the language ^ "if n is 7" " or "let n hnve the value 
7"^ ra.ther than "n = 7'"» "n - 7" is £<n open sentence in oxif terminology*-- 
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Chopter 3 

apm SEjri'ENCES 

3-1, Open Sentences . 

■ We rail n nentenr;e whic-h uwolverj u variable an "open sentence'' slnqe we 
cannot decide whethGr tiie nc^ntence in triie Oi' faloe. 

^Once the domain oV the vaj-ica^le in defined raid the value assigned to 
the variable, we Qfm :;ay either the neiitence in tnie or the sentence is false. 
Tlie valine c of the vririaole vhich niake the centence true, are called "truth 
numterV}". At thin point we ra-e interented in finding the tiaith numbers hy 
"gueGsinc", in 1-ter chapter:: v;e gHmJ 1 dircuL^n techniqueLi of finding truth 
numterr-:. 

• ' ■■ S 

3-2, Tmth retc of Open Xenteiice^ v 

\ - We cuil T-liC "(^ri. nV titith numlei^:-: oi' an open sentence the tinath set of the 
open cen*:euce. 

We -j::o fii'ih U'ath ;-ot:-; ■vf ope:; :;entenaes which ;"'re nox equations. I'orn^ 
^xf^jrrpJ.e, the truU-i re"', of 

■ . . ,-.../t 

i.: the set 01' aumherr; of ^rithrnGtlc except 3, 

V/e -^ranii The truth set. of £;lven open sentericep i . e * , we locate the 
poiats on the ii\\m;ev ■ ia^ w]^);-e r.-Hjrdln^vtes r-re the. numbers in the trutii set. 

3=3^ Centences InvcaLv iria I gc gir :J itieg: 

A matiie:n':1 if-:. J soa'-ence :^viy he of the foimi 

Tric: meanin/-: of is derived fron: the position of the points on the number 

ILi;.:, Thai- i::. " 3" is tme if -nd only if the point with coordinate 3 
is to the :; eft of the point wLtli coordinate I'he concept of "order reiation 

ir; deferred uari:! Chapter it when we discuss this for the set of all real | 
numbers a 

In Itesis a';-"3t tiie conaoction retween subtraction and order is impliet 
Tills in in heepins with the spires: techni sue of this text, Subtractiga is not 
discussed as jui operstion until C3s-pter it. 

^ llic ai":nh 01' tiie iinah set:- of ine :u^-.-l ities presents no new problem* 
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3 - . Compou nd He n t e n 0 e 0 ^ .- ■ --"'^ 

The antLlogy between mathematlGcy:'' j.an^iuu^e im6 KngilGh iv Gontiniied with 
the idea of compound senteneec. . tnathematic.'il. iiue oV "or" ciiould be pnj= 

ticularly noted. Thl^ in the l^Ki^'S ^ir th'e 1 ef n ; tf^rni "ajid/or" rnther thmi the 
exc'l)i£:lve "or" oT ordinary Enz-jiuh. 

The dlL' cuss ion in tho te m^iy be- ;;i;rnrnua'l::C:fi In the foJiovinf t^ible where 
p and q rvr(? mathemat 1 c -.l! rorlterif/O;' ^ r^jiri 'aid K tj'ijc ^:n(] I'aU^e^ 

respectively. ■ 



p 


I 






T 


T 


■ a'' 












IF 









'1 



We ^].Jo indl^'ute the truth v^hlut;/ I'oi^ tria no.;- d Ion qi'-^ compound sentence 
It -'p ^id q'' i^ /! Vh^ij- .r\.f:i (ih-= Ir, it '"not p q'' 1;. L 11.10 ) ^ 

and ir p is tiTiej then 'i ;:":iL"t i 

Thfi^L^fi .idet:i£j ure uoed in the p.r'noi^;: o:^ thcorc::u: thj^Qu^hout the text both 
in the prooTo of theorerr: "riid ir the prohlenr, 

Tlie truth s-t ot^ conipound .;e:rtenee wJth the eonnective "or" is the 
union ^ or the tinith rets oV the simple sentences. The creph of the compound 
sentenee is the set or points ovionrUu- to the srephs oi' esch of the sentences 

Ihe trut}] set or" s eojiipounr; sentence vttn the connective "and" is the 
intersection of the tin^ith r:ets othth's siiiiple sentences, the rrsph of the 
compound sentence cor:::i:-t^; ol^ thosfj poin"' s vhi'-h si^e common to the (graphs of 
a-li the .Umpl.e sonte:ices. ' > 
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Chapter k-' 



) 

T>i.i >-o\;rr:c i.^ coi^ 'Gi'i-^-J vlt:: - y i:ternat ic -Tudy 01' niimberr un6 their 
propertLe.'. Ar ; t h!:;- t : v : i = ^i'";'^^ "to h'-:ve h/Ki the ^uinie purpone^ niid 
"in intro'iucinr thi;' ^'n'lyd^v -.u,-t p-iure Miid exa:nlnfj the diiTerence , ■ Arith= 



of ruler i^or ^rirnpUT 
any reai unJeiTt^L:: hln,^ ^r^ i 
In :jj£ehrri^ on ^ he -'^.'-e^ h::. 
thorouf^h:v why ran::; 'u.h 
Deso^eh here f^:!" ^e::eJ^■i' irepert'e 
^ vith whl'Ti the /Xujiju' h: a:r---dy 



0.^r'^Mner mecfiaiilord fippl iLiul ion ol' n ] ari^e nuniuer 



whfit mnthr rn'jt i 



e xhut 



ne ;.r ".per'.: ; ;^ . v:.i ^ 
ai-: 'lie '■■o:-.:;n'':t .; 



It. !.:■ in^v 
ope rat in: v?: d 
- ctudy oi' :;:>^: thr; 
pTin-^ Ip : e: , 
properT^ei; X 
forma Uiied , 
have tevelop'-'! '.u 
^id :nult Lpid j' h^ 
propej^ty '".^ 
the irxitt ip^:^n^ h 
other prQp?:^rt le:; , 
^ of the opern t i en.- ir/: i 
rion^riOfyitlve "r'"j.A ; t;.-.' 

A eeeon.n're-:.. ^jV w.l 
' the rin^ptirt^j^^tion of -gAe 
fr^rrentirM fr-Mfsre "^r' 1 n i ^ 
■ i ] l-t 



pr per- 
Te-.-r , 



oi-y ilthiti 'ittempt i;^ ueufijjy made nt 
rn^}:- nj:d ni' the nur::her:: to which they oppiy. 
, v;e -re Liviere/ted in niulerDtnjidiiiG rritlier 
■ oper'-Uo!i;- we no with tlien nc^ they do. We 

xn'; :!u:;il erf: 'ijrl tne arithmetic operntions 
':::AAir-f^. Iii ^hort, we nrc interested in 
The ''etru^^tin-e" of the "eyKtem" of numhers, 
t:ej' reLei^\A pi-opLi^tiec: of numberu and of the 
y p.r: to - r-jniil tor to the ctudent from, the 
iry h'/.w^-ver^ fa::iil L-a^ fie exptieit 
' : irw: he :-tii lent d i ;^eover eome of these 
ir.:D-^e.ri le^tiii- chapter the proDertlf^s sre 
: :i'v:j,iLZt in the mathematicai. X^^iBa^ we 
^i.d a; ;-o-Aaive propertie^^ for hoth Gd.dition 
e ^rjr-rty^ - nd what we^calJ the addition 
^ "c: eroDei'Ly :i' 1. V/e, have nd ::o included 

tni;- could be deduced i'rom the , . 
\-r: i <^ v/e cee thai nil the:;e properties 
^r/. Ilei-e we hiVG conGiderinf^ only the 
MjAchr^eti-. 
de^-cioe A rood deal oj' technique in 
.j::;:, Ac 'io tbic hei^e "beci^uGe it ip an 
e "jAitltude of exercicee requ ired to 



A: tJ:iae"'e 



A'' 



' gain niDJi Lp'ulat i"aj £^ 



e pr^ 



d.erive "their v ■^.i. ! i d -A^^ < 
, —— t- - -- — ^ 

the fi r i r,- A the. 'Us-'-ii we ; c; / - " 
•TTirinj tA:;ec ■ h^ ^"'^e U.a . ■;A^"w^ 

of numeerr vbl w; 'c'e :'-\.-tt;c I 
llie order e:' r^ -t -nc — 

ele-!:ent:: fir.^j ihe^^ e.-eve e 

tlve prop^:r^ le/ "Au cd . [' w; 
■quire ~jrA;; c:.- "Wj^A 'u= = e A. " A 



a to tne ide-:- rro:;: yhieh the technique r 
: ^■dyeAi^ = :ic .A t:;p.; j.i^ Leatidn wjt' the point when 
■ :;v/: i r.A^^t Lcr; re;-tc -.re fhrct developed^ and 
A A :■ ■ e;' , A::Ore "jVcc, '^r^: pi'eci:;e;y the propertiee 
Ac 'Arc,e,c:r. 

. =0, -cc: A=^^ cclv ceem ctr^eipej with the identity 
jrT'-:"c^ ccccj: A cj-c: the cLcociative and commute^ 
...c'^;;. : ece--./c me pr^fepGrtier; oi' 1 end D 
.c-ce";cc'. , whl'ie the c ioL;urft. pi'opert Ler require 



tbl associati 



two and tm associatlYe arid distri^itive propertieB three, TiiuB, the propertleg 
whlah are eaeiei-t to ^tute "corne fi 




^^-1* identity El^fflents - ^ / 

The nddition property of 0 atateL; that 0 is the identity ^element for 
addition,^ Likewise, the rrrultiplication property of J_ ntntec that J is the 
identity element for irailtlplication. V/e prefer to st^.te theoe ui "two= Glided-' 
propertieG in order to save steps in, proof n. V/e apperLL to the cormnutotive 
property for addition and for multiplication ai^ 'a Justification for the "tvo= 
sided" statement since these propertle!^ were''^ cove red" inf Chapter 2. Later 
in this* chapter^ section k^[j^ we restate theue properties In the 1 anguage ol ^ 
algebra. 

ilie multiplication property of 0 is not, lihe the others, a fundamental* 
property of the number system, hut it can he derived from the other properties. 
It is ' included, here because we shall Kafit to use it frequently. 

llie niultiplicution i^roperty of 1 if* used to help simplify fractions* 
Iho student will remeinbei^ trorn ^ud.thmetic that ajiy rational numher can he 
wltten in reduced form. This is efiuivalent to so^^ing that ^ and are 
names for the same number, In fact, this follows from the definition of fnul- 
tiplication &V rational numt)ers; i.e., t; ' ^ ^ finally, the fact 

that ^ - 1 for any positive ninnber of ar'ithmetie k. 

Later in the course we shaJd. use these same ideas for all real numbers, 

^—2. Closure 

We haA^e already stated that ciosure of a set under a given operation will 
iirply uniqueness. That is, if a ond h ;atq numbers of nrlthmetic, a + b 
is a unique number of arithmetic ^nd a *v b in n unique number, of nrlthmet.lc. 

'X^^j- Associative .and. Commutative Properties of Addition and Multiplication 

What we have done here is ti'fmslate the English statements of the assoc = 
iative and comniutatlve properties obtained in Chapter 2 into the lanf^uage of 
adnetra, liiis is an example of a t^^^e ^^rob j cr:i which is considered more 
systef:;.:ticcd ly in Chapter 'j . 'ilv- cnmpnrlson oi^ the LnEilsh statement with the 
adcetraic statement shows the advarita^^e of tiie l^jtter in both ci arity and 
simplicity* , 

V/e show other binaxy operations which orej neither associative nor commuta- 
tive. ' . 
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A Ghort nectlon 1:: £^lven on pi'df erred foi'mu for numeral g lik^ 

, .• ■ g _ ) 

It is simply better foiTn to wljr© 5% rather tluui xyjx* 

It - U , The iJi 3 1 r i bu t i V e Pi' op e r t ;/ , ' 

111 is is the property that re.lato::. the two operutionc in which we have been 
Interested, We Ljtate tvo Voiinii of the diL'ti'liailive proT'^erty; i,e,, 

For all numhBrc of ^srithinetic h^ affd c; 

_ . ■ n(h ^ c) .t 



(b ^.c)a --. Iv: 



We the n wr i t e the:? o the r two to r ni c u i: i iir t Ikj c orninu t uX iv e property . We c h o o l: e 
1 0 wr 1 1 e e i t h e I ' of the at u v e a s t he d. i ' t r i b lit i v e p r o d e i ' t y 1 n_ order t o r; r j. v e 
s'^ps in pinoofn^ 

Thiy property In unod time rmd time n^^ain tln^oiiJjrhout thl^' text ^:ind is of 
fun dome rfbol importance in rniich oi' tlii- \:nv'i\ tl'u^t tol'Iow;^,^ ihe L^tudent will '/■'■in 
facility with uce nnd choiild not ho expected to ;:ttai;i I'lill miiGtory ut thic time 

111 e terms " i n d i c r" < t e d p v o d.ii c t".- ' ' dji d ' " i d i c :±t 6 d ii in " h a v e bee n 1 n t r o d ii c e d t o 
hplp the Gtudent nee the pnttern of the diGtin taitive property ac well ac to cee 
the difference between the i'oiinc 

■ . ' (x + ■;,-)(;; ^ w) 

x:: :av y:: 5=^, 

In thio section the Gtiident n^ta a. chancG to ugc niuaiy of the propertiea 
to "flimplify" ail open phrta;e* For exniiipl.e^ Ln :aimplifying 

2z + 1^ a.; + (2k + hx) ^ { 3y + Cy) 

. ,ax r (; + n)y 

w ^ 

the student needi: to UGC the co::;ihut at ive ^laci aa::oci alive propertiea oi" adnitLon 
and the diatritutive propes'ty. f 
Tlie p'; iter a L"or wivl/i ina 



is olveOTtt thin time: tut the emphar^ia ahou-id te on th^': u:;e ox' the d iLti'ihut i.vf 
propert^^athei^ thaii on the ariuaa^e of Mrajini':! . 
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V 

tl^ pi'opert .Ll/l: or '■dJlt.ion -^nu ^:\u\ 



How thA we hstv^-'formoJ ized tl J propert .Ul: or '■dJit.ion i ip'l LL','! tlon 

fa*r the numberB of arithmetiCj we f-toa* to 1.Ll;1 nrupoi-ti(j :iiin xo til. nci.i c:; 

the motivation of this text. ^ , ^ ^ 

a?ie system ol^ the numberi^ of ii h:;iei. i^ ' v;oi;Ui ^-o::,' I,'". "Uic Oi' nuniiierB 

the operationc on the^^o nurnhef r ^ au^i tn^' r.!'-;^^?rt V' ^ w' m = ' tp^^-'. -^luo-a ■ ni;- 
enjoy^ Hie strueture of thic :^yrterr; iinde 
with which the student is: f 

We have studied ifely the prnpertie/ of -chJ^LtP;!! 1 1 : p 1 L ■i.t ion .-d thoii|(h 

ha:ve recognised thfit the opsr-iAlonj or .■ult i^v ■ i : ;n --vi llvLrion oi' the 
niimbers ,of orithmetic We .J':u;ii ii "to Iho ::iU'K?!! t , f i^n^n , . ih' i o:: Li', i v^j ui.ini= 
bern of arithmetic ai^eci/lsd a.]o:--od nrder divi.: ■on. fo ;r ;:^t 'ur ^ ii' ic 
any non^zero number of nTithfnetic^ tiiei'e e:ci^:tr a nuriber oi" /an tiuneiiC 'o nuch 
that /lb - J . Ihi^' idea (of the niul ti i.^ ^ i'/O/i i ve inveE-ro) i;- di.uinujed in 
Chapter d Tor real numbers after we h'ive exnendud onr nu^:H:^c:r s^ to inolude 

the rie^ative rep>l numbers. Once the naiJ Up ! ic-b Lve Inverse h'tv." ( een, def iiied , - 
we are^ ahle to define division in .terr-s of ;:u ' M. n ! b; -.d i on (Chapbet^ j j ) ^sjid we 
' find that we do not need no consides --ny now croperble.' t'os lliis ope.r>slion. 

Subtraction presents :! diffei-ent pro: Len. The numsei's of ni-i ihmetic m-e 
^ not closed under subtractionp llius , lb - "nd i. -i-e bvo distinct numbers 
of arithmetic J then one od^ ti:e syTHLol s r - a o^' n - 1 nsr:es number "of 
aj'ithmetic. Another way Is eAnr^esr ibis bast is that t]ic solution set ob. the 
equation u + y: 0 . Vov s^ a non=seE'o uumbei- or sjsLt hriet U-^ 1:^ th- nuli. set. ^ 
Once we extend our set to iii ■ hide bb^; y lesr t i ve real' nurni ers (Chrpter n) we c^yi 
solve the equation a X - 0, / Ive wi ! ! "sU. tn'-. numbers n ■ snd x 

addit Lve, inversen or oppo s 1 1 fes snd we ss- thon flerdn- subtrsctbon in terras of 
addition (risaptei- r I ) . 

You will find fi nio.re conpb-te db,-s.n^b,n: i.Uo re:-i lans'ef; ;s/s-te:ri In the 
notes for Chapter iO, 



/ ■ 



2-4 



Chapter 



thl.^ ■■liabter we ^n)rTjenlr-ite on the iniitheni'j t ic m1 i niernretatlcn of f 



h>fHh:r" lii th^' i,i';.:;terv 'jf 



oeri'tuin .;c:t o i' '.-on^il t i o: u^? Tn ioo--.L!j: O-^^?' He ^^ii^rvGi- to, thiii .iiiectlon, the ^ 

l-i'irt h .-Ol or 1h'^: 0::-/^ ^ " . ^ ■ ^ 

(: ■) i-^ten:.!.!^ tho ti'irth . ei of ; hv opeu reiitenoe. 

( ) '.r-.-t Lh^.- 0!n:;.K;!it- hi.t!:c -^-ji^r-:. ":^-rt Ml orfler to fj.rid the nurTihe^' which g 



'x.> rh: ^-^/-^i f v.- ■. ^^^."t fj uha ih /ten In. thin prof-^edure. 

J 

'ihf-?-'- L.* 0:,^■ = I'd;.; ;..;h -'[■.. he !:,-;cie nnd ir? be^ 1 j .hjKtrnted ^ 

rrh d 'Ih'V 0[i;"-="rdi :-o>^TM.yiG 1 : " i'feGt inore thoif the widtl^ 

''JTQ-- i- ] ie-:d. . hind tho v;Ldth^ ■ / 

\ '." \ r. t^' er iV^G' L, "h.^- v/i.citii oh 1 he r&ftaiif^ I e ) that ^;:;^-if 

v h^ f;r w:;h-:. . ■ : . id / ' ;:G -.voTai ! t : q:!;^ dt the problentj then 

'■/(w f- ) ]i' h^. 111 I'^.-t, ^: tL/ifc i;e:;ten^.'e ♦ 

v.^- ':.rG : ■ ■ ;dM;. ^;.o 'jii.sGr i^eet Ln tlie widthj then we -me rsidced 

'd - : ^. f;'^ -i::^-] \ r ^v;o;G:;" /'i^ \ U" 'iviylii (jV the open .sentence 

•-) , 0. 

X;: .pe:: . ^; : : : ; . ■ ■ o ''-/(v ^- i vhe v?ij'l:;hle 1:.: w Mild the^donioln 

\: d ■■■ ■ : \: [v^: ::\\::.lci\. ■ '1' !.thi;;et.l'; . Ihe nuin"be.r wlilch v/e 

ru'e . 1.- - • : : e: ^.''^ 'u.^ ■Mjen ;-ent.eru'e. 

. d^: 'A'-: ■G^;, :^ , ! ■ '\.\.^ /■ ■ ! :"i G»"; '^e v/iiure tiTith I'GX (;Ont;i]n;" the 

17 •)•:•{■'.■ ] i:.: ■ L. dd e] ^ . ; ^ ' ! • "G . ■i i Oid;/ "to id nd the Open ;';en- 

j: d .. L ■ .■ ' r - '. ■ v ^ , * 



; r-'.. G J i ' i 1 :rl rdl G 'l he ] dG'i oi' th i 

Li: idrutiii!; J ni ef-pretGl 1 OGG roi' 
'■^'G.1 .■ • ; ' i't: i!;: iii: : t i i Gin ' Ll i f ! i : tfi hru'd i Gh 




wouUl Jnnti to mniiy different ideiu; an u clftirroom dicoiu:nlon laid. we try:, to 
huilcl in ijomfj '^ii' '^li.:: viiTlety In the profrnJTU f 

We nontinu^ to Gtiphanik^e the f-ict thjit u vnrinhle muct' represent ntimber . 

V--:*. -Bi^j:liy h Flig?iGe^ri and Open Pl^aL^e- " ^ - . 

, '-te revered thb pi'DE-edurG oV \.hc p^^ovloiu; L^ectlon iindt^iftnd the open phrases^ 
.:.ur.^Q-t<:^d by i^lven word. phv\v.Qi:» llmr^ wo :^rQ ono rtep closer to the desired 
Vo^lI =^opeif yentenee-^ Lai^^r^ested by word pr^bteiiKU 

Ihtei'prertin^; Open pentence:; ^ ^ ' 

We 'jontlnuc the techni.jvio oi' tvrxn:\:^in^ iTom TTULthenuuticp tD EnqllGh, 

V-H. V/ i' itirv'; CT'en >:-efrtencef: ■ - ■ ^ 

^ u7iT., ;-oct ib?^ ''"i.fl ndno.ter ±he devci 3 oprMont . /V/e fir^t flrid the^ open phrases^ 
fiki theri exprci::: the rcj 1 -t l.oni^iip:: rM.veLi by xh^ probiem to find tm open sen= 

^ lonce. Note thnt we du not try to yive - :^erie- of" i-ulei; f9r ypeclol types of 
problan:: ;-aich ar mixLnre prubje::!/.. V/e ^re interected in havlno the L^tudent, 
find the re I ntaonnhi^)r: -uhI eVprer:: ^ther?!^ r':tliGr tium in [rp-lnif^him striet type - 
ior!;i:: for pi'oL'lorn:.^ 

llio .'tudent .dioiij.d i-e jn^ciou- uV the domain oi" tiie vorlnble In the open 
:;cjiiieiice^= th^d -irh^e Vro-i voi^d nr^-iide-K^ ^ine doKrd.n i;: uoiuaiy specified by 
the EirQuieiiu I'O!' ex:i:::p"io; Lb -i. nrob.^ ur;: is rd^out the nuniber of ^:tudentn, the 
dn:::uln vrjiild be tiie ;;e * oi" vhjle iiiiinber:; . vdiere:i:; in the proN^m about the 
wid.ih iho re'-t-nyio, everVr na[L-;:ero number of ;a-ithrnetic i/ in the domain 
i , r ! i ■/ i.aib; o , ' ' 

< ' ' 



;,(i:.-.t. I hi: j-evd ov Ill p:\v -.r'-iL'jd i*;.)!'::; 
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IKTROHJCTION TO PART 2 
(CTiapter6,6- 11) 



Mffving "set the st^e^^by a rather careAil ftudy of the non^negatlye rfal 
numbars^* di'awing heavily on previous knowledge of arlthmetie, =we are Jiow read^ 
to exMolne the set of re^ numbfre* Our procedure #1^ to examine the#negative 
haJ.f of the number line. We give names to the, points to the left of zero* 
Our point of view is that ye extend the already f^idliar set of numbers of 
arithmetic by attaching, ^ adjoining^ the set of negative numbers* The result 
Ing set ie the aet of real numbers , Riis aj^roach Has s eve reul advantages p J^^ 
do not need to dlstingul^fc "signed" and "unsigned" nuiflODerSj for- us the non- 
n eg at^e real, numbers are the numbers of arithmetic , Vflienr- the operations of 
addition and multiplication defined^ we need not prove that the familiar 
properties ^hold for the non-negative real numbers. . In fact^ we motivate *^our , 
deiUhitions by pointing oUt that, these operations in the set^of real nimb^rs 
must yield results for the noh-negative real numbers which are constant with 
~- . our €a2*ll%i^ experience* ' ' ' 

After introducing; the negative Kumbers. we . define addition^, mult ipli cat ion ^ 
■ V mi^ order Tn the next" chapterSp At^he end. of Chaptej 10, we "t^e "stock*' of 
our development to th^*point. In Chapter 11 we once again, "extend" our know- 
ledge by defining subtraction tad division In a manner analogous to their . - 
definition in arithmetic. " , . 



/ 
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" • ' = * . Chapter 5 . " = 

• . ■ / ■ 

We Introduce the negative numbers in imich the eame way that we labeled the 
points on the right side of the ninnber lifley , which correspond to the .nmhers of 
arithmetic* ^Our notation for negative tour^ for exan^le^ is ~k, aiid we 
definitely intend that the dash "~ " te written in a rais^ position* At 
^l^s stage ^ we do no'fe want the student to think that some'thlng has heen dona ^ 
to the numher k to get the number but rather that Tk is a name of 

t^e number wfech is assigned to the point k units to .the left of 0 on the 
number line. In other words ^ the raised dash Is not the symbol of an c^eration 
but only an identifyit^ mark, for numbers to' the left of zeros 

In Section 6^3, the student will be able to think of as the mmber 

obtained from k by an operation galled "taking the opposite", Ihe^:"aH?Q#i"te 
of ^" vdll be symbolized as the dash being written in a centered 

position^ and -if will turn out to be a more convenient name for k^* 

Since each number of arithmetic has many names^ so, does each negative 
number. For example^ the number 7 has the nanes 

-(7x1), =(^xf), ^etc; 

Once the negative numbers have been introduced^ we have the objects with 
which the student will be principally concerned throughput the next four ye^s 
of his nt^hematics education^ It is much too cumbersome to have to refer to 
"the numbers which correspond to all the points on the niimber line" or to "the 
nwibers^of arithmetic and their nega" ves" ^ aiid so we use the custom^y name^ ^ 
the real numbers* No special slgnif i'jance should be attached to the word 
"real". It is singly the nme of this set^^ num.bers* | 

We do not wish to digress too for uito ^ irrational nimibers^ Ihe proof that 
V§ Is not rational wil,^ be given in Chapter 15* In the me^tlme ite singly 
wan the student to see an irrational number feuch as or jr and to be told 

that there are moiiy more. V/e hope that he comes to realise that /5 is a 
number between 1 and 2^ between l.h mid 1.5, between and 1,^2^ 



□e 



tween 1*^1^ sjid l*^fl5j Q^d so un. 
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A WQT^ detailed treatnient of "Is less thaji" as an ord«r Telatlon is pre- 
sented In CHi^ter 10, At this point we eln^iy wish to rply on the intuitive 
geoMtrlc Intei^retatlon bf "la less than" as "Is to the left of on' the number 
•line** TO"US^ the concept of order is extended from oiir use of this concept in 
Qiaptfir 3 for the number of ^Ithmetic, 

We ftntroduce the con^arison transitive properties at this point. Ihes© 
propertlei could have been stated for the niimbers of arithmetic at an earlier 
stage , " ' , . ' t , ^ 

'' Kie conqparlson property here given also called the trlchoto^ pr^atft^f 
of order* Notice that it Is a property af < i that is^ given any two dlf- # 
ferent numbers^ they be ordered so that one Is less than the other* Wien 
the property is stated we must include the third possibility that the numerals 
-name the same nuinber* Hence ^ the name "trichotomy"* < ' ■- " 

' Although "a < b" . involve different orders^ these vSentenepe _^ 

say exactly the same tfelng about the numbers a and b. Ihus^ we con state a ' 
trichotomy property of order involving " >V as: . 

For any number a and aj^ niitrftgr b^ 
exactly one of the following Is truef. 

^ - a > b , a ~ b j b > a. ^ 

If ^ Instead of concenti'ating attention on the order relatldn^ we concen- 
trate on two .different nuitiberS j then either "a < b" or "a > b" is true^ 
but not both, I * 

Slmllai^ly^ we state the transitive property f or ^ "<"^ reserving treat- 
ment of until Chapter 10* If i^tudents inquire, they should be allowed 
to develop statementn of the trrmcltivo property for other relations: " ^ 
ji^i!^ in later woi'k the Student wi'll encounter still otl^r relations 
with this pi;.ope2"ty: "ic a factor of" for positive integers j congruence in 
geometry^ etc. 

I torn 61 LiDnerti:- tiiat ] t' m b .^mcl It < n. are both true^ we tnny conclude 
t h at a b * Ih r u r e □ o n a b 1 e eu 1 1 1 in n o c e n t, i j.p p e c.u' 1 ng conclusion t ui' n s out to 
b e one o f t ii e t r lo 1 u g e 1 ' u I i' 1 le i ■ i :l t " o i ' cl e t e r n il ii i i ig th .Mt two v iir i ab 1 e s h av e the 
Bame valuel In rrULiiy LrictaiK'C::^ in tlie calciLlur'^. foi- exrimple^ one Is able to 
show by one ■a'£:umonL that n, \\ 'tiici 1^/ -uiothei" th'it b < /i. He is then able 
to C-onclu d.e t hat a 1 j » Cr i v ci? i \ % y u i ixunC' rfil r> ^ it . i c \i n u c U. 1 y t r 1 v i rt]. toe h e c k 
whet he 2' □ r n o i: t \ i ey n ' uiie 1 1 1 n ; ^ -m e r i lun b e r % In the c ■ i e o V two numb e r s , of 
f'Durne/ v/e Irivo cary ' 'o inroiM-r.! ] . It lii -only wlien onr information nbout 
twb- "nume rvL] ir In - >inp\(t'- Ui-il m I't :!t etTicnt !il:e^ "If u < b luui b < a, 



In Items 87-^ the. ituflent la asked to co^are efertaln $alre ftf r#pl 
riumibers, fee tranaltiva i«*oparty prove useful^ but the studlfit should 
feel free to uie atll of hfi avalla"ble methods of attack. 

6- 3 * ^rpogltes - ^/ r * 

We ndv polnt'out that^ except for 0^ the rmal numbers occur as paire, 
the two mmbars of each pair being equiv.gLlaht from 0 on %ha real 4iiMhber line* 
We.?call each number In such a pair thte o^^site of the other. 0 is defined to 
he its own q$(fD'sitei ■. ' 

; Ha^l^/.o'ti served that ea^h negative niimber Is al soo the ^feosite of a posl- 

tlve numbea*, ^t is apparent that we have no need for two symhpllsms to denote 

the negative numbers^ Since the lover dash - " - Is applicable to all numerals-. 

for real, number while the upper dash ~ " has significajice only for points to 

the left of zero;,' 1% naturally retain the lower dash* There ara^rOther less 

in^rtant rmMMgeiB tor dropping the i^per dash in favor of the lower.' Wore 

care niust be exercised in denoting negative fractions with the upper dash than 

• - ' -. 

with the lower I the lower dash is imiversally used^ etc* Henceforth^ then^ 

'negative numbers like "3, ^ (^) s s^-d so on^ will be written 

-VSj eic* Ihus ^ we read "-5" as either "negative 5" or "opposite of 5*^* 

Notice that it is not meaningful to say i equals negative negative i " j 

^1 - " '^1 ^ ' 1 ' ' ^ " 

rather^, sayj "= equals the opposite of negative " .or- "^ equals the 

opposite of the Opposite of i ^ - 

The student must learn to designate the opposite of a given nuifcer by 

^means of the definition* We do not say and do not let the student s^^ "To 

find the opposite of a number^ change its slgn"« This is very imprecise (in 

fact J we have never attached a "sign" to the positive numbers), 

^ The student is well awaj^e that the lower dash " = " is read "minus" in 

the case of subtraction. We prefer to retain the word "minus" for the opera- 0 

tion of subtraction and not use it as an tilternative word for "opposite of"* 

,lhus) the dash attached to a vrjri.ablej ijuch as "-x"^ will be read "opposite ^ 

df">, . _ ^ 

If X is a positive number , then -x 14 a negative number, The opposite 

of ony negative num.ber x ic the poij.itive number and =0 0, Ihus^^ the 

otudent should not Jump to the f.'onclu::ion that when n la a renl number ^ then 

s^n is negativei thin in ti^iie only when n 11. pocr^itive. 

We do not like to read " = x" nn "negative x" rrl nee -x mayj in fact^ 

he positive*' Ccmie teachers re"id " = x" a:: the neivitlve of x* In this usnge 

the "nen'-Ltive qf . x" in nyrion.yTnoiis wrth "t.^ie opposite ol' x" , We prefer the 

latter. In any event, we. rLVolii rendLnc " = x" 0.:'^ "mlmu: x" » 
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^The eonoapt of the a^iolute v^ue of a number ip one ^of the ^st useful 
ideas, in mathematics. We vill find an immediate application of abiolute v^ue 
.when we define addition and' imiltlpllcatlon of re^ nmbers in Chapters 7 and 8, 



In Ch^ter 10 it is used to def^e distance between pointsj in Qiiqpter 15 ve : 

define vx" as Ix[*| In ^apter .19 it will provide good exan^les of equatldnr^ 

_ _ - ' * 

solved by equsa'lng both sides. Hirough Chapters 20 to 23 abq^lute va^es are 

involved in £pen sentences in two .varlah^s ^d in Chapter 2i^^P^^fves us 




interesting exan^les of functions. In later mathemat id^^b^raa g ^ in particular 
in the calc^us wid in aCTroxlmatlon theory j t^e idfea of absolute value 
Indispensable* 4 " , ='^^ 

We do- not .expect con^lete mastery of absolute value at this point* ^ the 
time the course is con^leted^ the student should be thorougM^y famlliaa* with 
the concept* 

The usual definition of the absolute "value of the real number n Is that 
it is the number In^l for which 



{ n, if n > 0 
-n^ if n < 0 



This is also the form in which the absolute value is most conmonly us^ed. On 
the other handj since students seem to have difficulty with definitions of this 
kind^ we prefer to define the absolute value of a number in such a that it 
can be clearly pictured on the nimiber line. We avoid allowing the studeht to 
think of absolute yalue as the number obtained by "dropping the sign"* Hiis 
way of thinking about absolute value ^ although it ^pears to give the correct 
"itfiswer" when applied to specific numbers such as -3 3j leads to no end 

of trouble when variables are involved* Other less common names. for absolute 
value are numerical value ^ magnitude^ sjid modulus , . ' 

By observing that this "greater" of a number ^d its opposite is Just the 
distance between the number and 0 on the real number line^ we are able to ^ 
interpret the absolute value "geomcitrically" . 

6-5 • Sunmiaiy cuid Review 
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. . ■ ■ Chapter 7 

" ' . PROPmTIES OF ADDITION , 

* ■" ' * 

7-1* Mdjtion of Real Numbers ' ' * ^ = ' , . - " • 

Havir^ extended .our 'stet of numte^s to Jnclude the negative- miittbers^ we are 
i^dy rfi^^^to define addition aiid inultipllcatton in the set of real numbers. 

From one poi^t of view, it would Be sin^lei^ t© Introduce multiplication of 
real numbers before addition.. Ttie definition bf multiplication is sin^ler in 
teiitfs of f^nlli'ar operations. ^ On the other hand ^ we have chosen = t© \^^cuas 
Edition first because we need the addition pi^operty .of. opposltes In motivating 
the product of two negative numbers. ^ , , . . ' 

■ We fi^it ipreBent m Intuitively ^ple exan^le ft he prtffits and losses of 
an Ice cream vendor) which suggests how addition Ghould "be defined* We use the 
number 'line to illustrate how to obtain Bums of real ni^mberSj hinting at the 
formal definitions. Other exaji^les hint at .the pi"opei"tles of addition which 
are soon to be developed* ^ 

7-2. Definition of Mditlon . 

^ We review case-by- case how we ^tdd two real numbers on the numoer line bjM 

we lead the student to develop the desired ^deilnltlon ol' addition in the set of 
real numbers. . ^ 

Several points should be notetl.. V/e do not wish students to m_emorl2e the 
definition. The formal statement is somewhat awkward, but it is developed here 
to err^haslze that in order to add two-reul numbers, what is needed, is knowledge 
of: * . " 

1. How tcr add in ai'ltlinietie-. / " -- 

2* How tcj- nut^truct a rrorii b" in arithmetic if a < b* 

3- How to find, the opbosite. ' '-i number. 

4* How to find trie ub so lute li'- r.i real number^ 

7^3* ^-^ p e r 1 1 e s o 1' V\ d 1 1 1 1. j. o 1 1 

Hie student should be .iLwrLre th'^t- our deiMnition of addition stems from our 
intuitive feeling ('or the n p e r l t i o i\ • r : l1 : o w n In w o r l-l n g wit h t h e numb e r line. 
He should al o o see that oui- d ta V i n i 1. 1 o ■ i 1 1 1' ; 1 u d e s t lie f rinil 1 i ar addl t ion ol' number s 
of arithmetic :ib u speciaJ. cy-r.e. ■ 

Gin e e^v/ e h lw e p o 1 1 1 1 e d. o l 1 1 1 1 1 ; i: "t. 1 : e o'per l it L o n o V :id6.. i 1 1 o n 1 n i t hra e 1 1 c has 
aertain properties , it i;' nalmvLl lu ''Vr. whelhei' .'i.ddition in the set of real 
liumbers displays these r:"i:::e ni-Qpfji't i or' ^ 




■ • _ ^ ■■ i 

We exan^les to make ■toe statamenti of the comnrutat^i^and aeeoelatlve 
propertias reasonabla. It . 1# then aeaerted In the tert thpA theee prcpertieB 
GOuldl)e proved^ "from ofo definition of addition of real. numherE and faailiw 
=^TQpmT%i€s of the numbers of arithmetic, ^e proof of the aasociatlve property 
.Xrequiree the. consideration of many cases and the proof s of certain of the cases 
f^^lve ideas about suhtraction which ve have chosen not, to develop at thiJ 
point, ^e proof of the ^coramitatlve property of addition is givin herer 

To show that - a + b- h+ a for all real 'numbers ^ ' and b^ , / ^ ■ 

^ . r-If a > 0 and b>Oj a+b-b+a because they are numbers " 
_i ^ of arithmetic - 

^ * If a < 0 and b < 0^ a + b ^ | a| + |b| ) 

b + a ^ |b| + I a| ) 

But '\b.\ and |b| are numbers of arithmetic^ 
so lal + |b| ^ |b| + ja] . 

Therefore^ a + b s b,+ a. 

If a > 0 ■ and b < 0^ a + b ^ ( |a] - |b| ) 1 if "]a| > |b| 

b + a ^ ( 1 a| = Jb| M . 

a + b . .{|b| - |a|) ) ^ 



b + a ^ 



} 



In either case a + b ^ b + a^ since oppo sites of 
equals axe equal* 



If a < 0 and "b > 0, a + b ^ (|a| - |b| ) ^ 1 a| > |b| 

b + a' ^ ( lal = Jbl ) ' a 



a + b ( 1 b 1 
b + a ^ . ( Ibl 



} 
} 



if b 



In either case a + b and b + a nBmm the sajne number. 

f ' ' 

'a careful examination will nhov that we have consld.ered every 
possible case^ aiid every time we foiind '^'^ 

a + b b + a. 

Iherefore., this is true for oil real r\urnbera a and b. 
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We Mxt conaidar a property ol^ 'addition' of real tn^tars which Is not 
analogDUi to propartles^^f addition of niimberi of ar^tanfitic, Tti±B Is the 
addition property of OCTQ^ites , ^ ■ 

To show that if a is a real number then a + (-a) - 0^ we consider 
three cases: - ' 

If a ^ Oj then Va - 0 and the result is ohvlous. 

If . a > 0^ then =a < 0 and (a| ^ Hence^ we apply 

. " part 3(a) of our definition of addition: a + (-a) ^ | a| ' -"^ | »a| = O,- 

' . If a < 0^ then -a > 0 and |a(^ = l^&j* Hencej' apply 
paj't ^(a) of our definition: a + (-a) - |-a| - |a| ^ Q, 

^ last idea developed in thie section is the addition gl^operty of 0: 

For every real number a-H= 'O.^ a and 0 + a, ^ a. 

proof: If a > 0^ the result follows from the similar property of 
numbers of arithmetic* 

, * * If' a < 0, then |a| > jO| and part.U(b) of the definition 

of addition yields a + 0 s , ( | a] - ] 0| ) - - | a| - a* 

0 + a ^ a f olloirs from the coTmitatlve property of addition* ° 

7-^^' Add ition and Equality 

If a ^ b ■ is true^ Ve siir^ly meaji that a ^d bx .are names for the same 

real number, a + c najnes a unique real number^ henqe^ , b + c ^ is singly 
^i" _ . - * , ' . " r^^ 

onother name'Yor .a +;c;, Ihls.is a formulation of the traditional "if equais 

are added to equrilSj the sums are eq«'al". §ince we hs^_M frequent ocQaslon to 

use this generali5:ation>, we give it a naine--the addition property 'of equality ,. 

= student should not conclude that thil is a fundrnnental property of addition 

suck as the cotrroutative propei-ty. It is^ 'as hka been pointed out^ a Gonsequehae 

1^ . of the uniqueness of tiie sum of two real numbers 'and the meaning of " , 

The *aJor poftion of the section .Is devoted to finding truth sets of 

siriQDle equations. We introduce a slightly different language I "Determine the 

truth oet"^ "detei^iine the solution set", and "solve" all inean the same thing. 

a "solution" of' mji open Lieutence we metiii a member of Its truth set. 

We show the use of the viu'lous properties in solving equations^ replacing 

one open sentence with :mothei' until we obtain a sentence whose truth set is 

obv 1 ou s , Un t i I the idea o i ' the e . lu i v d e nc e is we 1 1 unde r s t oo d, ^ we wl sh t h e 

Dtudent to be cureiul "to rti'ens this by pointing out thtit 

"I r ... in true I'oi' some . * 

then io true for t|^e same x" , etc* 
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Cirefttl, wll OTgmlzed vork Is e^lmslzet^, and the ir^rtanee of cheekirig 1p 
V^^te elear, laVcai^ter'f mdmialn in Chapter 19 pre sent a thorough treat- 
wmnt of "equlyalentiientitncei", : 

7^5, ^e Afldltlve Invtrie 

In this seatlon ^ present tfur first form^ proof. > theorim- that we 
= have chosen to prove li a s^B^le 'one^^that the aaditive invarse of a real 
suiribsr li miiqua. We try to e^l^n, in the progrpin, pur attitude tgward| 
'"proof " at this stage of the studfirit's mathe^tie&C training, a© viev^lnt ■ 
'-. . about proofs in this course not that ve are t^ing to prove rigorously 

ever^rthing ve. ia^--w awmot at this etage«-but that we are trying to give the 
students a ll^fctle esperience^ within their ahility, with the kind of thinking 
we call "proof"* We don't wish' to make^ahig issue of the idea of proof at 
this point and we don't e^^ect all stu^^ts to understand the concept the first 
time it is discussed. We hope that hy the end of the yeaof the* sttident will 
hfeve' some feellr^ for abduct ive reasoning^ a hetter id^ea of the mature of mthe 
matjcs^ and perhaps a^ great er int^est.ln algebra^^^ ^ ^ = ^ 

We also lead the etudent to prove two other results: -V. ;^. " 

. (1) -(a + h) --C-a) *H ' ^ I 

\ (2) If a + c s "b "+ c^ then a ^ h. / 

sf* ^. ae second of these is often called the cancellatfon proper^ of addition . 
We dbD not use this' terminology, ■ . (See t so ^ ^ these Notes ^ Section^ 9-2*) ^ ' 

In proving these theorems^ the student gains more e^^erlehce in d=eveli3pifig^ 
. Jiroof and at the same time is shown an intmedlate use of the theorem previously 
proved* ^ * 

'7-6* Suiranary and Review, ^Q"bleTTis ^ 
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PROpmTlffi OP MULTIPLICATION' 



^jltlpllcatlon of Real TtaiberE 



Ap with addition of real numbers^ to wiih to lead the student the dafl- 
Bition of Multiplication of real niiMtoere* We st^t with an exanplej s^^n 
involving profit los?^ which perhaps provide e some clue. We then huild 
tOTOTde the formal definition^ using the student's knowledge of imltiplication 
In arittoetlc.^ It is pointed out that since the set of nmbers of arittoetic 
is a "mibset of the real numbers^ our definition ^of multiplication of real 
numhers muBt give the f amilififf results when applied to the nMoere of arith= . 
*metlc. We stress that the definition should preserve^ for the real ni^ers^ 
those .properties of tmiltipllcation which hold for the nimbers of arithmetic. 

^ How w^ tise these ideas to laotlvate and to drv^elop the definition of ml- 
tiplicatlon tn^ he seen in the ^^^rogran^. In order to apply -the definition of 
the product of two real numbers"' a and b^ the student needs to know (l) how* 
to multiply two nmnbers of arithmetic (|a|. and |h|)^' mid (2) how to decide 
whether the product is negat'ive or non-negative. 
^ Section 8-1 concludes with the theorem that |ah| s |a|*ihi. Ihis result" 

is essential Tor thr proofs of Sections 8^2= and 8-3. 

8^2. jhe gqirmaitatiYe gi-Qperty and the Malt ip 1 1 c at ion ^gpejrtles of 1 and 0 

Having developed the definition of multiplication of real numbers from the 
^toint of view that we wish certain properties to be truCj we now verif-y that^ 
}'in fact J they are true. 

We believe that most Gtudents will be able to understand the proofs of 
this -taction, Pcige 280 contains a statement of pur attitude toward "proof'* 
at this stage. j 

6- The Associative .^mcl Plstributive K^operties 

The pai'tLal procDf of the associative property presented here is somewhat 
difficult -aid w^^]up!t indir'.-.ted that the student^ may omit it. Thm proof is 
based on the fact that j(ab)c| - |aijb||c| ^ ja(bc)|. Ihis result is proved 
in Items J^lk ^ • ^ - ... 

We precenL two proofLi of (-ija - -a. -^ftie proof on page 293 Is optional, 
-After we'^dlneusB the distributive property, an alternate proof is given. 




HDtice that ve do not give a proof of the diitrlhutlve property* In 
bydar* to eonatruet a proof we would have to consider many cases. In addition^ 
ire TOUld have to- pise a fact which we have not discussed-- fn the set of numbers 
of arl-tofflitic^ , multiplication Is dlstrl°butive over suhtraction. 

' B^k* , / Use of the Multiplication ^opertleg 

nils section provides practice in some of the necessary techniques of 
: al^tora. We wish to give sufficient practice ^ but v? wish also to keep the 
tiectniquee closely associated with the ideas on which they depend"^ Ve ha\re tb 
walk a ^narrow path between^ on the one handji becoming entirely meshanleal and 
losing sight of the ideas and^ on the other iiand^ dwelling on th^^^eas to the 
extent that the student becomes slow and-clumsy in the algebraic mmiipulation,^ 
We hope the student understands that manipulation must be based on understanding 
15ie right to sl^ip steps and to confute without glvir^ reasons mist be earned^by 
;flrt^ "mastering the ideas which lie behind and give meaning to the manipulation^ 

]^ ^ ^ ? ^ . ^ * - 

8^5' Siiiranary and Rev lev . 
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g' » . ' " 

■ ' r - ' • ■ ' \ ■ 

, 9*X* Mul'Clpll&atlve Invsjga ^ 

- - ■ " — - - ' - ■■ p # ' 

We first prove that evaiy non-zero «al" number has a rnultiplicatlve In- 
vars#* ^le student already knovs that every positive real number (a non-Eero ' 
number of arithmetic) has a multiplicative inverse* Hence^ it is only necess^y 
_ to prove that mj^ty negative number hm a niultipliGativa inverge. mm proof 
4 dependa on j-^ 

^ (a) the definition of rmiltlplicative inverse, 

J. (b) the defirfltion of opposite. 

^ (c) Theorem 9-1' ' If a and b are ppsitive real numbers and If* / 

ab ^ 1, t^n (-a)(^b) ^ 1, 

Theorem ^^4:fry'~6T course^ a consecjuence of the definition of multipll'ca- / 
tion of rieal numbers* ' " 

We ntext consider the real number ^0 and prove that 0 does not have a 
mul^^^li dative inverses This follows frpm the fact that 0*V - 0 for all 
real numbers b^ so that there cannot be a real niimber b such that 0*b ^ 1, . 

The nmltiplication property of equality^ which is useful in finding truth 
sets, is stated, lliis pro^erty^ that if a b*^ then ae ^ bCj is an iirsTied^ 
iate consequence of the merming of " = " and the uniqueness of the product of 
[f^, ■■ two real numbers. Refer to the dincuGslon of Gee tion 7-2 on the addition prop- 
erty of equality* .-^^ . ^'^^ 

Section 9-1 conclude c with the pi^oof thrit the multiplicative inverse of a 
non- s e ra ril m imb er 1 f. un 1 qu e. Tli q p r o o f is at i al ogou o :t o the proof (in 
Bection b-^j) that the oddltive inverse is unique. 

9-2* Heciprocnlc, , . ' ^ 

Tlie name "rec [proe -i'l " in \i;-ed a:; fx :\ynonyin for "multiplicat*ive inverGe" 
Just an "^potiite"^ iG 'inother n-mo for ''additive inveriie", ^he notation "i" 

CL 

in uced for the rer- Ipn^r:!.! oV a [a / 0). " L^ince the rGclprocMj in the miUti- 
plicative Lnverr;o^ the 2'c:;iH l.:- uT r'^^etion '^-■;! viay be f^ei=t::ted. r.u 

(l) 0 h^i.i- no i*e(.;ipl^6^"■! I * 

(L') The I'eciproCtLi oi" /i nun->;ei'o I'oaJ iiurnuer- lij unlf|ue'* 



In the present section we pr6ve severs! useful resul-tp: 



M =^ .% (a ^ 0) ■ ■ . 

" ^-k-m ° ; ' ■ 

pj^cj6fi of these are quite simple* TOey^depend ofi/the unique^^ 
reciprodal. Perhaps the student will yerballze these' results:'' "^e reciprocal 
of the opposite of a numher is the 05^0 site of its reciprocal"^ "The reciprocri 
'Of 'the reciprocals of a nmber^ the number itself" ^ "Ihe product of the recip= 
rocajs of two numbers is the reciprocal of thf^= product of the two numbers", 
' The most Important theofem of this section is on page 3^^' -£roof is 

in "items 79-8^. ' ' 

i; \ ■ ■ • . ^ 

For real numbers a Bn^ bj " , 

^ If ab - 0^ then ;> ^ 0 or .b = 0. 

Prom the multlplicatipn property of 0 it followB immediately thati ^ 
' ' real numbers | a and. ^ b^', 

- /if a * or b = Qj then ab = 0, ^ 

Combining these reouitLi, we state: . = ^ 

; ' For real= numbers a and b^ - • . ' 

""ab . 0.;^ if .=€iha^ d^^y^f. a ^ 0 or b ^ 0,^ 

, ^ -i-^- f ' " ^ _ . - . 

A._brief diGCus'^Glonl of the use of the terminology "if ond only if"- is pro- 
vtded. The inipoi^cmt idek here is that, in proving an '"if and only if" theorem^ 
there ^re two things to be proVed'.^ ' i;^ 

Item 1 oy c h il 1 e nf£ e v. the g t udWit ^ t o iry t o pro v e th e th e o r e m : - ^ 

If a J bj^c, ore real nurribers, and 
■if - be/ and c / 0, then a b. 

'This theorem IG often cnJled the enncellatlQn property of multip-lication . 
We do not introduce thir. nmne hlciuir.e we wish to avoid the vell^knovn misuses 
fif "ganeellatlon" * ' 
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. ^ ' ' it is of l^ttrfit to note- that the cancellation propart^Df niultipiieatlon 
is equivalent to thr^ theorem *'lf ab ^ Oj then a ^ 0 or b^'- 0"* Kiat is"^ 
each may he proved yslng the. other* / 

Assuming the cancellation property, we would argue as foilows in order to 
prove: If ah = 0^ then a ^ 0 or h ^ 0, 

* Bv^ose ah ^ 0, Either b ^ 0 ^r b ^ 0, If b ^ 0^ 

there le nothing ^re ^ prove^ so assume b / 0. 
' ' Then^ ab ^ 0*b since 0»b - 0* 

We have a ^ 0 from the cancellation property^ since b ^ 

The proof of the oancellktion property given in the Answer Key'ia^es ftrul« 
"tlpllcation by the reciprocal of a non-aero real number since we are dealing 
with reciprocal at this point. Here is mi alternate proof: 

. Suppose ac - be . and o ^ 0, 

Then ac 4^ (-be) ^ 0 addition pi'operty of equality 

, ' + (-^b)^c --1 0 distributive property 

^ Therefore", a + (^b) ^ 0^ since c / 0 '- ' 

a ^ -.(-b) uniqueness of additii^e inverse ^ 

a ^ b. " ^ ^ 

^Notice that the cancellation property may be stated as follows: If 
ac ^ bc^ then a ^ b or e - 0, It is in this form that the result .is re^ 
stated In Chapter 19 and used In finding solutions of equations, 

^—^* Solution of EquationG \ \ ~\ 

To this point we h av e o nlj- ] j e e 1 1 : Jl j I e 1 6 s o 1 v e e qw o.t 1 o n s ' of tlie ■ f o r ra 
X + b s c using the addition property of eqLuUlty. In this section^ uglng the 
multiplication property of equoJlty^ ve ta-e able to solve equations of the 
form ax ^ c (a /^O) and ox + b'^^ c' (a / O), 

It should be pointed out that we ennoiirDge the student to consider alter- 
nate procedures in finding solntion Det::. . For example, to solve 



it is perfectly pi'oper to be^v^in b^/ adciinn (-i^u) to botli oldes, by bidding l8 
to both sides J or by rrTUltipl^/lnf^ both rider, by In' some cases certnln pro= 

cedures lead, to more avKvai-d nj^i thirK:! ic thf-UL otliei'S, It is<^dnly through 
practice that the student Term.: ih-^t the '*bent'' rirat r^ten In solving -. 
; X N ? 



i:ultlply both ^;idef? by 1.8. 
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On the other h-ncl^ to uoive 

one probab:iy ahou] d noi Jtoi-l l;; ;;;ul t i p1 Luc; ' ''-V 

The rnujov port lor: of tho .^.^ction ue^.:. ;■ with 1 he Ide'- ot rever:;lhle steps 
in V'uvlrv^ t^-!i.:r't i oii . V;e ht/;.'h;e tv.-. :-f'>-U:\va- e^n:lv:-^lent if they have 

the c^jaiie truth .'ct , il:0 d i .;^-u.;..: i^^ui .1- t ht prn/u'-::: I'ro!;: pfew^e 33?= to 338, is 
quite irrrportdnt. Heir.^:i!iUr , hov/ever, -tiifd t:h / -'^^t^^ or eiu^vnlenl Ljeritences 
will L-e eiirouiitered. th:rourhoui ihe re;--- !.:-::cr' wh ^i^vvocv-m: In poxticulai', 
Chanter^l9 is clevoted to thir topic. Here, -r; ^r^ewliere in the course, ve do 
not expect c0i:ipl ei e. i;:-'uaery Oh ^u: hlc:: The dlf/l 1 uue iX Ll: iirtroduced. 

One idey- hjti.er' tdi'- .-iu ie::l/. V,:-d U' the iruth cet of 0^0? 

ihli- equation I:- kj- ni iv ^nl 



« laiti , hence, to a '.-i^ 

jjQv V j:^,:- iriah .1^1 the ;ei or '-.d! re:d uuiiirerL-. We may conclude 

that 0 : 0 ' i p ■■:.J true ror ^ d! re-; -..,;e!r-. 

^ :-L::d-r r-.id-, t,-- :r., t:.;;:. : er od, rry, 10 is 0, 

(- ■ n ■• - o i:.iiv^dtr:t r ^ r ^ ! . ) 

;)=d, ^'ui:iir:a\' o.r i i-.eviev; 
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Chapter 10 _ 
PROPK^TIES OF immii 

10-1, The PundQjnental Properties 

Beginning In Chapter 1 we huYe '.Lnsumed thi^x the otuclent han an intuitive 
feeling about the order of two reiiJ. iiumbern in tertnLi of the number line. In 
thio section^ we ohift our point o±' view cdinhtJy. We look on a:: a 

mathematical subject^ an order relation , liie rel^ition in eoBentially defined 
b}fe the propertiee we assign to it: the con^aj'icon^ trnnLjltlvG, nnd addition 
properties of < " . , , 

We then prOYide the Etudent with nurneroun oxerclsec which f^lve practice 
in applying these properties in v/a'-louf. situations, ' 

Notice that while it is true that ''a < b" >and "b > a" sa^ the saine 
thing bibout the two numbers a and b^ we concentrate^ in this sectioUj on 
the relation "Greater than" Is .also ari order relation but we prefer to 

treat it after we iinve developed further f Ciinlli^!rity with "<" . 

r 

10-2* Further Properties of Order 

In this section we state and prove several consequences of the fundamentaJ 
propertiee of <, Thesa are 

Theorem 10- ga . 11^ x + y - ijiid y is positive^ then x < 

Iheorem 10- gb . If x < Zj then there is a positive number y siich 
thjit X 4^ y 

HiGore m 10^2c. If a < h, then 

/ ae c be i-i' is positive, 

■ Vc: < ac if c is nQ(\ictivG ^ 



/ 



This last t^veorem is called the 



nuiltiplicMtion pi'onerty of" order and 



used extens Lvoly , in Section 10=^:; mid iater in the coiu^^ 



1 0- 3 * ^ 1 V 1 n fz I n e q u al i t i e 



Wo now rerninci the student that we eould rest-ite thc^ results of ct ions 
10-1 ia^d 10-2 in toiins of " > . Tn ijart leiiJ ar^ we dv.q/ chanae I'rDni one order 
relation to the other « " , 

To solve =Fx < lor exaniplf'^ v/e iiH.iy obt'iln the e^iuivad-ent ineiiuality 
= 3 < ^ from the miihtl pi icfitioti propfT'rty oi' " ^ jj- uouaJ ly ^e^sier to 

interpre t this conaiuaLoii In the roriii x ' - - , 
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We provide a good deal of practice with colvine inequiaities of the 
/^^ener.'.U form 

ux "0 < c {a ^ 0) ^ / 

Once ci^^aln, it ohoulci be renicinberod-thut the tc-vLe oi' nolvirio inequalities 
will he con.:idered in much moi'e det-iil in Chatter 

Ihe -tudenn iu- rei-dn ied tr -t tiiorf- L;; :nore 11.::.!: ^--id: v/n-; lo ntind nolvine 
an inei-juoJ ity. 

VZUk. Hey lew - ^ j 

lO^H . Ihe- Koal^. rfu..iborn - ^ LUiniria^y y^ " , 

" We praice in our worh^to ouniiiiai-i i:e lor thw irludgni our development \ip to 
thlc points In thic i:eetion \.c^:xre trying to uiiirt tm :^tudent^£; thinkino 
about re-L; nuinber:^ i'roni a ^vlm^a^ily inciuctrfS^ to '± deductive point of view, . 
l%e dediuJ^i^h^^^i^t-'^^'B^ h-D, of couit'c, been uppermoL,t in our own Tiiinds 

J'rom the b'vyLnninr ^^^^^i ii'--- h^f^ a nre^^t de:.a of Influence, in qm^ ^study of the 
reuJ nuinbelnj, ' ITan;^ ve Kavu con:;i:^tentJy worhed ^Uv/ard the banic propertiey 
ii^;ted here. Ihe idea to whu;h the ivtudent rhoulci tM^..e:cponed ic thnt we could 
have :;tarted wbLh there propertler iii the i" Lr-t p:! ace/ by con3lderinc them, not 
Hi: a dercription of, rut r'.rthei^ a. definition of, the real number cj^tenu 
IhuL), "re-rl nuniber", ''addltioif ^ , ^'mul tip 1 icrfion", uM ''Qrder relation'' become 
undefined t ermr , the f unclanientM i propertier i^ecome .iXionir (for-^nn ordered field)^ 
and all other pi-opertier, iic c:onre')uence:: (Sl' the nxioma^ Decome tlfeorema . "This 
Id the appro''ch which becoirier comironplaee in laore r^dvanced mathematics. Trad=- 
itlonally, the ::t-udent firrt eu=^ounxered a deductive approach in hi^jh cehool 
geometry - 

AithoU'di we ir:vt: riveri >'Oin: bit r-if"! e prep^^r r t Ion tor the rhift in point of 
view Indierted iiei-e, niort taudertr oiviour'y will not be -ble to appreciate its 
ui£::nific--aice I'u ! ly at th'ir time, V.e h^a^e, liioreover^ no intention of proving 
everythLur; Lh-om here nu. i ut will '■-ritia.io -r ve n:.Lve^ in the part, ''discovering" 
properties;' ^md rjvinn ''n uecarLonr": r Lt:ip 1 e pi^aofh -Ihe princip:il chruiRe is in 
our-attiiude lov/raal the prMpe.ru Ua d Uujovered b name"! y ^ tbM.t they could be proved 
if we rrtxl the t in.e ;aid exreiur-nce to do rn. 

The rrHrrleer ; nfid'.rarii -.^ jM^ru^er id r ■ r Lirted ^dro hold in the i:el of rational 

tmmberr. ^Jhahir, th- U'dir^-'U raimherr, v/ii.h Xha iirurl def iriiti'jnn of addition^ 

multi ohifait Lfuij mjjI orfler, rlrr :'...ri;i rn .yrdei^ed rield, the mlGrin-: func^mentLa 

property, whieh d L r I ! ryi; i rher iVr- rei :u' rend nuiiiber:; Vvain the ret of rational 

nuiiiberr ir cni'ed the . -^ iMn'' ' d-.er er r ralr^::i . 11 r"u he rtrt^ed in rever/dh wayn, 

one beirr ai ^ennr .o'/le-irt ipr-r roNnir". itji'ore rlr;) in- it, va idtat define 
*a - 

i 
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an "upper bqaind" of ex set followy: 

Ijet f' be net or rerij numberr j.und h a i's^lI number such that 

S < b for uveiy \n in i"» ITien b ic called cm uppey bound 

for If ther© doec not exit^L r^-i upper bound f'oi" D which is 

le-SG thAn b, chcn b Ig C'lJled a Jeaot upper bound for , % 

We can now state the 

ComplGtm-ieiU] Axiom. If [] ir /aiy, ret of rea.l nuniberr for which 
there Is an upper bound.^ tiien there exlr^tr- :t lenst upper bound 
for C 

Th e c o mp 1 e t e ne n c ux i o rn i l3 n e e d. e ci. ^ f o e x ' : n rp J e , to prove the existence 6 f 

In other words, one crmnot provo^ lisln^-; only the foui'teen properties^ that 

tJiere is a rqal number 'i for which 2. Au a jn&tter of fact^ the com- ■ . 

pleteneKt] fixiom 4 n cures the existence^ not only of real numbers like -/S^ but 

I jr 1 ^' 

;,aIso of real '^mmbers such as n\, loo 2, Dim^j- e which the student will 

encounter in later courr.es. Tne completeneGS oociom guai'-^iJitees that there are 
"enough" real nuihbers to fill in the nujuber "line "compJ etely" . ThB only ir- 
rational real numbers that pl-'V -ai iriportcuit I'olc in this course are square 
roots* We will re turn to th(' dl^iijussiun oi' completeness in the notes for 
neetion lv-2. 

/ ■ ■ 
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' EUBamCTIOK ATO DIVISION ; 

11^1. Definition of Subtraction 

At firct glance our definition of aubtraction doer not s.ppeMr to be a 
deflnition=-at least, it Is not 4n a form ^th which the Dtudent is IVmilll^^ 
It should be viewed in connection with the "mriteri.iU that follows the definlt^^n. 

If we start with two real numbers n im6. b, then the" equation b n a 
has a un i que so lu t ion; name ly , a + ( - b ) , Oiir de f 1 nit 1 on ox. s er t s t h at b + n - a 
'and a - b - n iixm equivalent. Ill at is, a - b is defined to name a unique 
real number, ^ 

We do not expect' that the student will confuse t lie. different uses of the 
'U" Gymbol. In fact, he will find it easier to write ^1=3 ^than h v- (-3). 

^ It will be noticed that we have avoided using the word "sfgn^ for the 
symbols "-h" aiid We do not need the wora, and cfti^e its misuse in the 

past hnf' cuAised cons Icler^ible lack of under strmdinr^ (in such things as "getting 
the absolute vrdue of a number by tal^iino off its nLnn") we prefer not to use it, 

A reJated point that we Ldiould mention is thirl we do not write for 
the numbei^ five. Ihe ^positive numbers ai'e the numbers of tLritiimetic . We 
therefore do not need a new symbol for thenu Thus, we write ^ not -h^ and- 
the symbol "t" i- used only to indicfite Lidditlon, 

;r 1 - 2 * i*i'ope rt i e s o f l-Jub t r act ion ' ' 

We used the fact that studpJitr- were IkmdllLsr with subtrnction in aj^ith- ■ 
metic in roimiuiatin/: our definition of addition for the rerd. numbers. We have 
nnw d.eflned subtr- ict ion of reaJ numbers In terms of addition of recU. numbers, 
abe reason Tor this sceining Inconsistency is that, at the boginnlnc of the 
eourse, we wiL;hed to buiJd on the LaiKlenl'c^ ririthmetlcal backnroiind. Our' in- 
ductive developmen: of tne ru<ioms of Section :iO-v was based on that baci>eround* 
How we m'O :uaann 1 h^;^Jlie ajcloms of Section JO=b 'aid shabl develop om' adcfebra^ 
on the b/u;is of those properties, iVom the present point of view, subtra.ction 
in not Mn essentlM.i:iy djstlncjt operation, it is ^unipiy a convenient and li con= 
ventloaa! m'-tluKi of deal in,^ wi t.h a. i (^ti), 'iiierefore, the "properties" of 
subtraction deveJopod in this seutlon ;u'e sol new basic^ properties of the real 
number sy;-terr: but are, rather^ consc' luences" or the deilni tioit of subtrtLction, 
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11-3* Subtraction and ^stance 
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'Hie relation between the difference of two mimbers ojid the distance 
between their points on the number line is Introduced lie re to make good use 
a^alh of the number line to help illustrate oi|r Ideae, 

. Students may have difficulty in solving Inequrd-itles such as = 3| <5''. 

In this section we wish the student to re-ioon as f ollowG : "if a is a solution 
of |x - 3] < 5, then a miast be less than 5 units from 3 on the number 
line, aiiereforp^ the solution set is the set of numbers between -2 and 8"/ 

■ Another source of difficulty for the student is learning to interpret 
|x + U| as the distance between x aiid -U* 

We treat inequalities Involving absolute volue aaQ-in in Cliapter 29. 



Dtvision 

(Xir treatment of division is pg^sillel to our treatment of subtraction* 
ITie definition of division leads to the statement that, if b / 0, then 
^' Y> ' ^-"^-^^ " ' \) ^' ^'-^^ ^'be soji]e number ^ ' Division is rela^ted to niultipll- 
cation in much the SLune wrjy as subtraction is related to addition. The usual 



rn at e r i 0 n L't c ic t i. o n s 1 v f ou n d 1 n Qi ap t e i ' 1 
integers is discussed in Chapter iS, 



Hie division algorithm for 
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INTB.OmCTlON TO Pi\B.T 
(Chapter:: IP-I?) 



We now have completed our development of. the ri:ii] rminher rvEaeiru In 
Pm^t :^ we turn to eon^'lcieratlon nf rpeeiri;' tn^e;; nl' ^^1 i'Obivdc expre::r;lon^. 
Before doln^' so, we discucn, in Clvwtev K'', thr f ■^■C'toTi- -1 l on of po;;ltive 
Integers * 

It in not our inteiition to Llelve deei^ly' iiJ-^ tiic -tucly of the .positive 
Integers. We mereiy^consider come of tiic: properi;-/ i hat are ureful In the 
further development of algebra. Moc^t student:; huv- a (;ood denl of intuitive 
understanding of the positive integerB sjid will, inor^t likely, find the di^-^ 
cuscion in Chapter 12 interesting and proi'itab.U- . 

TVie roneepts and results of Chapter If? furc applied throughout the rent of 
Pro't 3, llie uruULl manipulative skills in workinp: wLth frDotionE^, exponents, 
and rudiCM-ln ai^e developed in Chapters ^ -At nvery opportimity we stress 

both the nt/ed for developing skill and the naceiauty for understanding the^ 
reasons which justify the manipulations. Parn icul ai^ly interesting is the 
mEtterian In Chapter 1^) on the irrrrllon:/] H y o:' -/P ;^id on the Iteration 
method of approximatinr; squai'e i-oots. 

'"'^cKa{>€m^i:6-aiid^JLl^de^^^^ with polynomiaUa, wilh c-phssis on qundrntit; poly= 
nomi^as* We ctress the use of the distrl iart ive pi^operty in developino the 
usual factoring , techniquer:.^ ''Completinc the iiqu^u'e" of m qundrutlc' polynomial 
is discussed at some length since this provides aenernl metiiod of factoripc 
and is to he used In later work with f;raphina pnrsholas. Chapter 1? concludes 
with a treatment of quadratic ejuralons. Ihe rjuaarstic formula is developed 
.in Section 1?-^^* W 
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Chapter 12 
FACTORS AND DIVISIBILITY 

y 

'Basic to the material of this chapter art two theorems whicli ca^e stated ' 
. vithout proof. 

The first of these is the Rmdamental Theorem of /a"^ithmetic ^ vhich states 
'that a positive integer greater than 1 is either a prime or caii he expressed 
ag a product of primes in essentially only. one vaj/. 

The second major theorem which we will need is the divisioii algorithm i 
If n arid d are positive integers^ then there exist integer;-^ q (the 
quotient) and r ^ (the remainder) such ^th at 

n ^ qd =H r^ 0 < r < d. 

In order to prove these theorems we would need, to develop more completely 
the properties of the positive integers. In pai^tlcular"- ^ we would need to dis= 
cuss the so-called We 11^ Ordering Principle'; Every non-empty set of positive 
integers contains a smallest element. Closely related is the principle of 
mathemat 1 c al i nduc t i on * Tre at. me nt o 1 ' t he s e i <\ e as would, t ake \i s too i'oi" af i e Id * 

The Fundajiental Ilieorem. of Arithmetic is used extensively throughout the 
i^emalnder of the course. The division adgorithm is treated m.ore fully in 
these Notes for Chapter l8^ ' 

Let us emphasize that although the material of Chapter 12 is interesting 
and valuable for its own xake^ our primary concerns ar e - 

( 1 ) to develop c e r t ai n skill s wh 1 c h ar e u s e f ul 1 at e r . 

(2) to point out certa^in ideas about factoring positive integers 
which turii out to be .arialogous to ideris obout factoring 
polyTiomials . 

Students who have studied the GM£*G 7"th grade coyrse will h&ve had. n good 
start with many of the ideas of Chapter 12. Ihey will probably need less time 
on this material th.an other students* 

12-1, Factors 

We s?iy: Ihe positive integer rri is a fnctoi' of the positive integer n 
if thei^e is a positive integer q such thMt mij - n* 

If m is 1, then n in n, while if ni is n, then q is 1. If 
m is not I or nj then we so; t m in a proper frictor of n. 
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12-2* Tests for mvisi^lllty . 

Testae for d Lv I r: LMJ ity by aad ^ ^a-e reviewed uiia teytn for 3^ 
6, ,and 9 are developed in thic reel Ion to ho'lp ctiide^itc in recof^nizing 
fsctore of integers. Notice tlrit tliere tertr are bn.red on our d.eciraal bybtem^ 
of notation, Gome ctudentr who i.^ye rtudiecl nunH-iVi.tion iicinn o^dbb other than 
10 ma^- :rijoy, conLiiclering the .1 ■ it i oi" U6:Vf: i opint: divisibility testo in 

other numeration DyntemL'. 

In this section the ^^tuhent nee;^ i'oi^ tlr^ I'irct^time aji incHrect argument 
In the prodT that if the cqunx^ of em lntef;er i^^ everi^ then the integer is 
even* A second exarnpie ot: in'Ui'eft pi'oof occui^s in :^-ection 12-^)^^ where we 
show that If a ii:: a factor or 1 uii6 i;' noi :^ factor of h + c^ then 

a is not a factor^of t^j.^ h^ r ::a-e po. i: Ivo integers.) Although the 

idea of Indirect proof will occia- C!^:ai!: in ] atei^ chapters^ it ic importnnt 
thfit enou£^h attention he paid to it lici-e to enalle the student to gain some 
^und^stariding of it. 

_ 

12-3. Prime I?un;ter. and pri.:::e f ^utori ^i-rlo:j 

lo insure lu.' :ei-st ^Li.d Inr her-e i "uUejv ii ;i:ouP; he strensed that when 
we ai^e interested, in I'actor ; zation ^ we :::ii;.-t explain whot '^Inds of^ numbers ve 
permit ac factors. Ii" v/c sj'c -one i ■ ^erln;; on":y integers, then we say that 6 
is a factor of l3j lecaiu^o v i . ^ \ is nn intecer. We do not 

regiixd 7 as a factor or' j rveu -though 'f >: ^ ^ id^ tecause — is not 
,an integer. 

It is not very interu :;1 :i ng t.c t s ■ > acouT fcctoring in the set of rational 
numbei's^ since ii" a sj:d s 'u-e ViXl Dniil ^ and 1 / 0, we c-ui a] ways find a 
rational, number for which -i Ic. ^ 

VAion •7/'- cof;,e to f-if-torlsr sr^! _;.-nO[;d is VO vslV! use cgcin the iden. that 
what we can sav about t'a'jto s I 'U' sj: ';:a:a-e: sior: rie pelvis on the binds of I'actors 
we permit.- 

In ci 1 ci'in'sions ob t'ss-tor iiir v/o also i:ceci 1 o isc/e in i!:ind some ides of 
when the wny in whi-h two bs.- to s i za1 i ons dli'fer is sii interesting wny. Consider 
again f ac^torizat ions in ^be sot -U' i:/tegers, bosx r,y tiio wsy:: of '-i-nuting 6 
as a p^odiK^t oi nni itive ini.egor;' ^oau 

Because of the ''onTnut'-td.v rc-jpert;.' (is fU')(b:^'t;' ■ d." .-evei^sj f-jctoia^^ the com- 
"niutative and associative crcs^e'.ri bw ) v/e "S: 'bva:;. s ^duuige the order oi" the 
I'actorslri n, prodis^t., Ke v.usi:d f ■ SfU-^:>qsost i u res'cd "■' sjui 3 < P as 
bactos Liuit I oris tiia: ^a-o isj-f 'i ; bL'esas"' in liu erecting vcs/* iin^U Jyv 
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1 ^* a =5 a for all real numbers; htnce, thtDre In' nothing eBpecially intei^e sting 
about 1 X 2 X 3 as a different najne for P x 3,- 

If ve axe asked^ then^ for the ways in v/hieh fS crai be expresned a 
product of tvo factors^ we regard 2x3 (■ J- the oply eBsentiiilly 

' ■different ways. 

Notice that accordlni^ to our definition oi' pi'inu^, "^niuTibei' 1 ir. not a 
prime number. Students Bometimec questioji thir. iTioy should be i^eminded that 

y 

in defining a new term chooEe the definition th'jt i:." mor.t iiLeful. if we 
were to call 1 a prime number, then 2 x 3^ 1x2x3, 1x1x2x3, etc* 
wou Id ad 1 be distinct prime f ac t o r i z at ions o f ' o . Tn c i\; ri c j riui e n t. aJ . Th e o i' e m o f 
Arithmetic would, need to be reworded ifi iaji awlrwta'd raDhlcuu 

You may have students who wish to use exponontt in i.ritinn products, mid 
there is no reason why they should not do so it' they ore able to manage suc= 
cessfully* Some students will have leai^ned about poi^'dtive integer exponents 
in the Tth or 8th grade, Others m_ay recognize possibilities of using them / 
simply on the basis of their experience in thir. coiirce, If they do, they ai^e \ 
using good m£ithemB.tical insight .j srid they should be encouri^jed, 



Students caii be led to undei'staiid the riind.ruriental ihcorem by noting that 

they always obtain the same primf f actoivL^'ation of lui integer regai^d j ess of 

the order of steps they use to find it, Ihus, in factoring liOj we may begin 

with the smallest factor (2^ in this ease) and i/rite 120- £ X uO - 2 x 2 X 30.? 

etc. We may also note at once that 120 ^ 10 x and then factor the 10 

r 

an d. 1 2 - Iti e s ajne prime f ac t o r i z at i o n r e s ul t. s in e 1 1 h e r c s e . 

In factoring integers , some students rnay prei'er at first to handle each 
problem systematic.ally ^ beginning with tiie srnullest pilme factor. With ex- 
perl e nc e t h ey wi 1 1 tend to 1 o ol: f or : :■ h o r t c irt s ( 1 i ke u s i n ^ ■ t h e f ac t t hat 
1 20 ' ; 10 X 12') an d. t h e y h ou 1 f; i b e e n c ou i ' ■ u e d t o dc) : ■ o * '11 le Pui i d ome n t sd 
HieoreMj in other vordSj siiould be undeji's.tnod not only ua^ nji rmportpuit theorem 
about integers bii^Xas a theorem which we use .rrcnucntJy . , 

You should" not^ ^^-^ncourage the student tr I'eel 1 h-.rt the i'Und ai'nental iheorem 
of Arithmetic-' Ik- obvious, lliere are iixaiy ;-lgebr'.;ic r'y:;te;ns in which this 
th??orem does hot iiold. Conr^idei', for excunpie^ the sot oi' even positive integers 
{S|'i-,b,8, ,,.]. If rnultlpllcation In this set Is dei'lneLl in tlie obvious way^ 
it would be loglcEU to .accept ar; -'ni'lme" since it is not the pi^oducT of 

two even numbers* Irius, ^' • , 10, !^^, wunlci ie ''srltno", nvst 3^ ].2, l^:>j .** 

^ i^rould not be* In this arithmetic^ n -ijid 2 '"'j v/ou S^e two d Lf ferent 

prime factorizations oi' 30. 

A proof of the ItindanientXi: ihLoi'e:;: 01' Aj'J t ninot Ic ami bo f'oim'l in m;uiy 
bookL^ on f'leEnentary numbei' theory. (r^ee 'iea-'hc:-; Sci^ufK-es : riinnher Iheoi'y^ 
Uni'jiie Factorization*) 
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12-4, Some' Facts About Factors 

Kote the indirect proof used in Theorem IS-Ub. For all students ^ work 
with factorizations of integers will be a good basis for factoring polynomials 
^to^e capable students should be made aware that the results in this section 
will help them find interesting Ghortcuto when they are factoring polynomials. 

12-5 * SuiTunary 




Chapter Ij . * 
FMCTIOND 

A fraction in a mimeran. which hac the form of rui indicated quotient. The 
term "fraction", then, refern tq. tha form of u nuniorid.. We call 3, 2 + 1^ 

namen (numerals) for the L^aine ' numbers Oi' the::e nuinci-'slQ , j ic a fraction* j 

1 ' ' _ - 

Similaxly^ ^ ana ,21) name the qruiic numbei-, mid j- a I'raction nam^ for 

this number* 

We do not wont to he over=pedruitlc about terniinolony ^ however ^ and where 
no eonfusion resulto we aometimeG uce "'fractiorl' to rel'ei' to a number. It 
would be unwii-e to inBli^t that i::tudeiitc Ld.vj;!yi: uco rif^orously precise/lajigua^a 
in s p e ak i n{^ ab ou t f 1^ ac t i 0 n l; . Ho wever ^ 1 1 1 e y Ti e e cj t o m 1 d e r g t rai d_ the di a t i li e 1 1 o n 
between a number (which has many nanics) vOiid a name that has a pai^ticular form* 

For example, it iu not Litrictly correct to LifjerU^ of "adding fractions"* 
We shou 1 d ay , i n cte ad , ' ' add 1 n^^ nuinbe 2' d wh i c h a_i'c r epr e c e n te d by f r ac t i on s " , 
We do noft want to incint on strict adhei-ence to thit; awltvai'dj thoiigh accurate^ 
wordln^^J Similarly^ %Te umy left^r to thb nitiu''- r/stor nnd denominator oT a frac- 
tion ai] numbern, thou(3ii L:ti*ict preciLrion would c;jll for the phi'aae:;, "numeral 
w h ich 1 c t h e n u me r at o r " ^ etc. 

We mention the word "ratio" ur; pi-rf. 01' thu I'iiiguat^e in , certain appllca- 
tion?s You Tdty winh to mention to the Lrtu^ientr that an equatioii^i^h as 
— ^ - y= . mich erfuiiteo two i-atlo.;, i:"; oi'ten called a "proportion". It 
fieemL: unde j livable " at preL:ent to di?;';rc;".:^ into a ienr^thy ti^eatment of ratio aud 
proportion, i^ince it woul 1 be Jurt ■: i:K4tt.ei\of rlyint^ rpeci^U- nameG to familiar 
conc^eptc* ' : 

1 H = 1 * Mul t i p 1 1 C nt L O i"i o i' ' Wi' t L o ! i 



In thii; ajiu iol lowing ^ectioni- we are .a:::plif y liU' fractions; j that is, 
findin(! nlmpJe:;! numeivU l: . V/e U::e the fdllov/in/^ conventions* 

(j) Trei'e should l^c ud Lndic^LitecJ dtvLi-.ion if it can be avoided. 

/ 

/ (2) If the .:implc:;t uumer;iJ niurt contain ia\ Indicated. diviL;iun^ then 
tiie ferullLn;^ exbjHj;: = ; Lon :liOlJlfJ he written Ln "lowent tei'nic" « 

,(4) We pi-efei' wr-ltin(^^ - = "to cLth'^r of tiie j'oiiriL; =^ or = 

We ^liow th:it ^ = it' ]. h mr; iion-zkjro real numberE:;. It Ib 

ea:;y.to do tduD, xi--iiu: the ■jefinitl.ai 01 - - ^ mtd the tiai] tip:i ication property 
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You should recall that in the students' first experiences with fractions^ 

in the elementary grades, he saw concrete exan^les illustrating such sentences 

a& g- : % ^ 4 > ^ ^ S ^ etc. We have assumed that the student entered this 

couree with some knowledge about the non-negative rational, numbers, We would 

asrame that he knows ol^'eady that if a, and k are positive integers^ 

then r - ^ is true. He may be well aw^i-e that the statement is true for 
D bk 

numbers of aj-- it Kinetic (if b ^ 0 and k ^ O). The importance of the result 
stated above is that we extend the known pattern, showing that it applied, when- 
ever a, b, k are any real numbers and b ^ 0 and k ^ 0* .■ ^ '' = 

in other words, we a2"e showing once again that a pattern already known for 
certain numbers is applicable for all real numbers (bearing in mind the need to 
avoid denominators which are O), 

The^ same comments apply to the other theorems of this chapter* 

In applying the theorem that ^ =^ f j it is natural to use the langu^e 
of "corranon factor" developed in Ciiapter 12* ItaSj in simplifying we may 

call 'x a -'common factor"* In Cliapter l6 we will diseusa. in more detail the 
ideas related to facto ring expi'essionij involving a variable. However," we use 
the language of factS^lng here whenever it is helpful* 

We have avoided the word "cancel" becrmse it is oftfn used without under- 
standing* The student who has le allied t#;u.se thi^^ word should not be told it 
is wrong , but he should be i-e quired to explain the process he Lb using In other 
words to be sure he under stands it* 



13- Division of Fr-action^ 



Three methods of ;'iinplifylng ■■complex I'ractlons" 'aj^^ -given. - In oi^der to 
simplify y we m.oy writer : 



(1) 



(2) 



k 

i 

h 

3 
^) 
H 



^ 2k 



TT 



h h 6 



■Vl'iG studen t ' i'hou 1 d un leiTtfaid aj 1 tiiree tnethodc. He may wish, to use a 
ijlng.le inethod in a. 1 1 rar^jv , or lio !iv\y pi'efei' to nelect i'oi" each problem the 
method tlia-t 0;eet;in hrip 1 l-;;! , = ^ 



l3-3» Mdltlon and Su"btractiQn of Fractions 

We wish to apply .the prime factorization of integers to the problem of 

folding the least cotmnon nrultlple of ^th© 'deriominators. We do not i^ant bllrul 

adherence to the method developed;, however) hut we do wan't to give the stiident 

a systematic wety of approaching the probJ em* For exarnpie^ if the student were 

asked to add the frad^ons ^ + ^ ^ the least coniinon denoiTLlnato'r' caii he quickly 

deterrained hy inspection, and the Gtudent .DhouD.d do it thib %vay* If,- however,- 

he is asked to add +■ . it may not he easy to determine the least corrurion 
57 95 

deriOminator by inspection. But oy prime factoi'izatlon 

!37 - 3*19, ^ 
^ 95 - 5*19> 

and the least common denominator is 5 -3' 19' 

It is p;ood technique, hoth here atid in later work on factoring, to leave 
exp r e s s i o n s in f ac to red f o r ni as lo ng as p o s s i b 1 e , I f this i £i do ne , s i mp 1 i iy 1 ng 
ID made easier* 



yummai^y and. Heyle}^ 
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ChS^tBT Ik 

if 

1^-1. Introdugtlon to Eagponents 

Be careful to darine where n li an Integer greater than 1^ as 

a produet In which a Is used as a factor n times , Thm statement^ "a is 
Ittultlplled by Itself n times" Is not precise and ought to he avoided, 
(lloti^e, for exaa^le, that = a * a, wh^eas "a multiplied by Itself 
twice would mean (a • a) • a. ) Notice that ve also define a^ as a, . 

lk~2. Positive Inteiers as Scponenta 

In this section we .derive the rules for working id-th positive integer ' 
ej^onMt*. mat ia^ we show that for such exponents a*" • a'^ ^ a^ * We 
also show that 

if m > then 
if m = then 

i if m' < then 

Students 'should: not use these rules mechanically^ They msof prefer for 
example^ to sin^llfy ~ by remembering the meaning of and x^. On the 

other handj it le itr^ortant that the student be well aware of these rules in 
their general formj since. they will be extended in the sectione that follow* 

1^^3« Non« Positive Integers as l^onents 

In this section we define a"^^ where n is a positive integerand 

a 0 as ~. ThuB^ a We also define as 1 if a ^ 0, 

a" a^^ . . 

Negative exponents will be i46ed in the nes^t chapter In connection with ^ 

finding square roots. Ctudentc 8xe also likely to need them In connection 

with "scientific notation" for writing .numbers. 

Students f should under stand that if we have defined a^ only for values 

of n which are posltiye integers ^ we aa^e Dtlll fi^ee to assign zmy meaning 'we 

like^ to the symbols a^", a^"^, etc. We do not prove that must be 1, 

for exarr^le* We slrr^ly show th^t if we define as 1 (if a -/ O) r then 

ho 



m 

m ■ 
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ve em iiy w^^m Our wlBh to hare this etat#ment true motivates the 

" .111 ■ 

deflnitlpn. The logic ^erfe li analogous to that of our discussion, in Chaptere- 

6 md of the deflijltion of a + "b ,aiid ab^ yhmrm a sund "b are real - 

^'I'^^e itudint ehould underst^d that when we have defined a" for positive 
Integtre n, we have defined a" for integers in sueh a way thati 



/ 



m n m+n 
a * « - a 



m 

a m-n 

■— - = a V 
n 



-n ^ 1 
a = 



For exBB^le^^ a°^ • was proved (Section lk^2) for positive integer 
values of m and^ n. The student should recognize two things^ (1) We eannot 
be sure that a"^ * a"^ = a^'^-^^^"" , for example^ without fur^er dlscueeionj 
(2) We might suspect that It is true^ because we have often found In the past 
that patterns that hold fcr some numbers caji be extended to apply to others. 

Thus, all students should understand why we reconsider the statements 
^ ^ - a"^ ' a^ ^ a^^^, and — ^ a^^^, proving that each is true for 



all integer values of m and n (exeluding^ when necessary^ the case where 
a is O). Though all students should understand w^ the proofs are included, 
you mw wish to omit, with less capable students, the details of the proofs. 

if 

l^--ki Usl:^ ^ponents 

' We complete our list of rules about exponents with 

n 

. mx mn 
(a ) ^ a . 

We now have all the major results about exponents and we can apply them to all 
integer exponents. 

Students should be reminded frequently that there is often more than one 
way to solve a problem. Less able ^students may find that they m.alce fewer error 
if they use a sin_gle pattern persistently, and -bhey should be permitted to do 
so. However, they should not regai^d thelrn as the only possible method. More 
capable students may enjoy lookine for different ways to eo1v€ a problem. Con- 
eist^t with this philosophy, the progrcun in Ejection ihJ-^ presents alternative 
solutiMs~to some examples. 

ll4^-5. Summary and Beview 

50 




. " ' Chapter 15 

' RADlGAtS 

I ■ ' ■- ■ 

Havl^ prepared the way by factoring Intagers aiid studying es^onenti^ we 
proeeed to a stucly of radicals*' , . 

15-1. Roots - ' . 

We 6mtinm where b is a non- negative real nmiber, as the non- negative 

n-dmber whose squaxe la Under this definition^ VS ^ is a symbol iftilah names 

exactly one real number ^ if b > 0, Verbal usage is sometimes less precise. In 
.later courses, for example^ students may speaj^ of "the two squw^e roots of 2", 
or^ after they have complex numbers at their disposal^ . "the three cube roots 
of 1"^ etc. We do not want to introduce avkw^d or over-restrictive verbal- 
IsmSj bi^t we want to stress the fact that "/b ^ a" mewis "a" ^ b ^d ' 
a >0", Ibis usage is entirely consistent with later ones, 

" When there is a vajrlab^e under the radical^ we must be careful In two ways. 
Firsts since we ojr# considering real numbers^ is meanlngress if x < 0. 

Conseqiiently, when a variable occurs under the radical we must restrict its 
domain so as to avoid negative .values of the radlcand. 



Secondj in sin^llfying to ej^resslon like yx^ we must remember that , our 

result must be non-negative for all admisBlble values of the variable. Thus 

ve cannot write -Jx as simply since =/x ^ x is not true for negative 

values of x, (-/(-3)^ 4 ^3)* We may write Vx^ ^ l^cj. On the other hand^ we 

may write t/x^ s xVx since and Vx are defined only for non- negative 

values of x^ and for these vaJues the statement is true, 

A 2 2 - 

We ma^y wi'ite vx - x since x is non-ntgative for all real values of 

X, Warn stuclent should not be encouraged to memorize cases^ but should analyze 

such examples on their merits^ referring always to the definition* 




-2, Irrational Numbers 

In this section we prc3ve that there Is no rational number whose square 
is 2. Our proof that Ui i:: irivatlonal is not the only one \m m_ight have 
given. It has the 'merit of beginning^ essentially^ with the fact, that the 
square of oii odd number is odd nrid tlie S'juai'e of an even number is even, ' 

You will find fui'tlier material in the existence of /2 and on -^the fact 
that I it ir: irrntional. In Numbei's : ivjtionaJ rmd Irrational, (See reserenceE 
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Some fttudants raise q^titions about whether '**tht3fe' li auch a mmt^^r 
m ^ " . aoygh pirhapb ««cv^dly itated, thefe questions are worth tfo« 
diseuisloii. nie follOTlM idaas are rel^vwit, ■ 

'\^mn ve defln© ' 'i^^e a > 0, as the non-negative real numher most 
square Is bL^ ve tacitly nwJce two aspi^^tlone: ■ 
1, 'There Is a non-negatlye re.al ^umher^ whose square is 'a, 
" 2, ttere is not more thmi orie euch nmnher* - .• . 

The fact that there is not more th^ one non-negative real n™her whose 
square Is a follows immediately from the fact that if h ajid c are 
non^negatlve, and h < c, then b < c^, (Thie is proved in Items 10 to 14/ 

Section 15-2.) ^ V 

w4 have aasained from the beginning of this course that is a real 

number p In Qiapter 6 we saw a geometric construction for locating on the 
number line a point corre^onding to t/Ip We hope that the student has the 
intuitive feeling that since there is a point on the niamber line such that the 
squ^e of its dlstwice from the origin' is, 2^ there is a real number^ corres- 
ponding to this pointy such that "the square of this number is 2. In par- 
ti cularf^tudents who have used SMSG materials in the elementary grades should 
have become familiar with the idea; that if we qbh locate a point on the number 
llne^ then we can identify a real number with this point. 

As we noted earlier^ we cannot prove that there is a real number whose 
square is ^2 by using only the basic properties listed in Section 10-5* The 
Completeness Axiom (see Teachers* Notes, Section 10^5) Is needed to insure the 
existence of =/£j etc. 

Students should not form the mistoJcen. idea that /S is ^ "approximate*' 
number or an "inexact" number. ITiey Ghould i^ecognlze that our work in this 
chapter really assures us that numbei-s like S have a status pre- 

cisely like that of the numbers with which they are more familiarp 

In the first place, we can write indicated sums and products inv^vir 
radicals J ^^d we can decide when two expressions name the same number p \That 
is, we can use our knowledge of the properties of the real numbers to shl^w, 
f»f exan^le^ that 

(v^ . 3){v^ 1) /To = 3^ + /5 - 3. 
This means that we can work with irrational niunhero in solving equationE and 
in other inBtancA||^ 

ftoreover, ^^Tcbji find rationa:i approximations ^ to any accuracy, for a 
number such as /2, This meann thnt if we wish to meauure a length of /S 
units with a meter stick or other device , we cmi do so as easily as we cmi 
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wnaw^^ l^^h of, pay^ ^. Both neafftu^mints are^ aceiirate only wltMn the 
limits of aemtfa^ of ow masiurlng dtvlc©, ; ^ 

15-3. BlTOltflgatloa of Radlaalg • ' . 

' Ibt ^^Vlng V^i^ ^ wt make use of ttim fact that VTO is \miquep 

Itoa this wlguaness It follows that if the square of a non- negative number is 
ab^j ' then the lumber must he i/Sbj since' there Is only one non^ negative number 
i^ose sgu^e is ah* You may visli to remind your class that 'Si^lar logic was 
the hasis of some of the. earlier proofs we ha^e had. It was used^ for exan^le^ 
in showing that ^ where we used the fsLct that a real number has only 

one raultiplicative inverse 



section^ 



Ihe same observations aj^ly to the proof that Ji = ^ In the next 



15=^. Simj^li f 1 c at i on of Radicals Involving FractlonE 



It is often convenient to rationalize the denominator of a fraction^ pmr^ 

tlculwly in numerical con^iutatlone* Rational i a ing the numerator is useful in 

later coiirses in calculating certain limits* Students Should realize that the 

1 ^ 

same numher has many names. For exan^le^ ^ and ~ are slnply two numerals 
for the same real nimber. Which we prefer depends on the use we are making , 
of the number, 

In connection ^wlth sit^lifylng radicals^ we give our usual, connotation to 
"sin^llfy"i we perform as many "Indicated operations as we can, 

15=5* A^roximate Square Roots of jtoihers Between 1 and 100 
15-6* Approximate Bguaxe Roots of Positive Mimhers 

In Section 15^5 the student learns to approxlmatei. to Bny pre- as signed 

degree of accuracy^ if 1 < a < 100, The Iteration process "by which this is 
done Is discussed below. The iteration process could be used to approximate 
i/a for any non- negative a. However^ It Is some A at s inkier ^ If we are given 
a number which Is not between 1 and 100^ to write it first as the product 
of an even power of 10 and a numbpr between 1 and 100, That is^ every 
non- negative number a can be exp ■ is 10^^ • b where n is an integer 

; (hence, 2n is an even integer) 1 b < 100, 

Ihis fact can be used to keep the work with the iteration process ^ 
single as possible, MDreoverj the nti^dent needs to apply It when he uses a 
table of squoxe rootG. You may want .-to teach square root approximations from 
tables J If you have tables available. 



Students should obseiva^that the use of the iteration ptthod in apprtx- « 
^mting '^quwre roots is iwt restricted to sltuatlone irtier#^' are ti^i^ to- 
find a rational srtB^^^infttlon ^ to^ an irrational nmiber. For ixa^le^ ijpdents 
shoiild notice Items 8l ^d 82 of fectioo 15-6. We can co^ute Vlb^l ^ (Item 81) 
by factoring or^y applying the Iteration tnethodp ThiB is another opportunity 
to note that irratlonri numbers K*e handled^ very often^ liKe rational ones* > .. 

^e Iter&tion Method Qf,\%iproxlnp.tli^ Squsa'e Boot: 

There: is sowe conteoversy as to whether the square root algorithm or the 
iteration method of approximating squa^ roots is superior. Wa advocate the 
latter for the following reasons* 

- ^1, The iteration method can be made meaningful mre easily^ stnce it Is 

2 / 

based direfetly .on ^he 4pfinition of the squara root: If x = n, 
and "x > 0, then x ^ Vn. So the student must find a number which 
when squared gives n* • , 

2* ' The student is estimating his results^ thus^ he' la not likely to make 
a bad error without realizing it. ^ 

* 1* -.The second approximation can very often be done mentally^ and always 
^With very little arithmetic* In many cases It ±a all that Is needed* 

' . An easy, division with a two-digit divisor yields a result in which 

the error is in the fourth digit* This is suf f Icient *f or most 

« 

, pu_i"poses# 

5* The method is ideal for machine calculation* 
6* The m.ethod is self- correcting * 



Let us see how the procesp. can be used to approximate vSj* L^t us call 
the approximations x^^ x,^^ x^^ etc. 

1, As the first approxirTiation we tai<e the closest integer^ 5- 
Thus^ ^ 5. 

2 Average 5 and to find t' ■"^ second/approximation. Thusj 

'I 



^" '3V" Average 5.^ for a,^rd es'W.Mte. > 

• ■ 5.3852. ■ ■ .... 

. fc -_ ' 
♦ ■ / ^-^ 

(TOe approximation for . from a 5-plaGe tabla le 5,38516,) 



itaratlon method "thus ylalde a secfuence of #etlfl^es , X- . x , etd, 

^ - 1^ 2^ 3^ 

toT Vn* If X Is any one of theee estlmateS| then;^fe next estimate is 

1/ ^ n\ 

In order to e^^laln wky the Iteration method works ^ it Is helpful to use 

the following general theoreml If .a^ b ij*e different positive real numbers^ 
then ' 



p 2 - 2 

^ ^ - .a + . r^s2 a + Sab + b 
Proof f ( ) - (/ab) - - - - -1^ - ab 

2 2 
a • - Sab + b 



■ ^ ^ J. 

4(a.b)^ ^ . i ' 

1 2 ' ' 

,^(a - b)^ is non- negative* Hencej,it follows that 

Since ^ ^ and /ab oxe non- negative^ this Inequality In^lies that 

a + b ^ /— 
/ab. 

^ %t— ^ ^ the averrige of a and b^ is often called the arithmetic mean of 

£L - -- - ■ 

a and b* is called ^he geometric mean of ab* We can word our con- 

clusion as: The aj-ithmetic merm of two positive numbere is greater than their 
geometric mean^) 

Let us appfy thlu conclusion to the iteration process* Let x be 
positive. If X / -/n^ then one of the numbers x and £ is greater thitfi /n 
and the other is less than "/n^ 

The iteration procens involvec trLkin^ syi eotimate 'and using it to 

form the new ei;timrLte i(x + =). ^ 
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-^.^.^../^'^i. i(x 4» B) is mis m^% (ari'ttuaitle Man) k and §, a© geo^trlc 
i--^'^ • .liim of 3E aad^ Is /a *'-- * or t^. 

' the theortm ab<sv< we aoneludei ^toatever ©etlmate x we begin yltli 



niat'lSj wha'^rv^w estimate of Vn we begin withj the eetimatp s yielded by 
the iter at Ion proeeis »e certain to be greater than i/n. (In the exan|ple we 
GOi^leted^ Xp, x^ arfi greater than V®, (altho-ugh x < 29)*) 

Sujjpoie that we have am egtimate x which is greater than Yn, Let ua ^ 
\. take J fof exa^le, Xp, We co^axe x with the average of x^ .. ^d i i 
that is, with " / 

' P X M ■ N ^ Q ' nr 

_| f f M — f 

i(x^ + *^he average of x^ and — ^ corresponds to .the midpoint M ^ 



of segment PQ. 


Note that 


the 


midpoint. 


of 


Hence ^ m < 


I, That iSf 














< |ck, . 




i 

Similarly^ 






<i(x3. 


-^), 


or 




- 






Similarly^ 




- -/H 







We conclude: x^^ x^^ x^^^ become closer and closer to from the 

right. A similar argument shows that — ^ — ^ — become closer and closer 

"3 ... 
to /n from the left, ^at Is^ if we wish to find an estlTnate of i/n that . 

differs from Vn by at most a given amount (say df^ we eaji be sure that oui^ 

process eventually will yield such an estimate. 

Now we ask I ^ How can we tell how accurate a given estimate is? In order 

to answer this^ we compare x^ - (the length of XQ) and i(x^ + — ) - /n^ 

e. e X^ 

(the length of m) . j 

x^"" ^ 2^ x^ + n 



. = = = ffl. Is the error of the a^roxlmatlon x_, while' XQ le the error of 

th© preeedi^ ^proxlmation^ Xg. That le, the. difference Xg - > Xg - x_, 
ThUi| we have from (l)^, , ' , 

- - . (x^ ^ X )^ 

3 2Xg . 

Similarly, ' ^ x^ - Vn < , etc, 

^ Thus, Iri 'dur exan^ile the error in our approximation x.z Is found: 



5.3852 ^ ,^.<IMj^j2Ji52r ^_ ^ g^^^ 



s .00002, 

You should notice that _ijie forrnula ^ 



-~- -/n < 



3 £Xg ^ .. 

gives us the error in our approximation^ that is^ x_ - Vn, In terms of the 
numbers and x which we have already found. 

The above discussion was intended to help you underBtand why our Iteration 
process works. In actually using the proeess^ w4 follow some speclaLl rules 
about rounding off' ■ 

1* When we averri^e x and — to find the second estimate X-, we 
- i X^ . 

n 



the three d^gitSi, 
f 



In av€jr.^Ting x^^. ^inci — to obtain x_ , we round olf x. to two 

dlgitL- before dividlnc^ in ^ . We eatery out the division to four 

Jlf^itc and vlvqvb^q to roui- di^^Itc, ThiB estimate will usually 
exceed_ /n by nji eri'or leL'^^ tli'iii .002. 
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3. Should even mre accuracy be required, round to three dlglte 

ajid thaoi divide and -average to Six digits. ■ - = • 

I . ' Thms^ i^les give good results with a mininium of computation. (Rounding 
off may cause oecasiojial slight discrepancies with the formulae derived ihovi.) 

Tou may he interested in ohserving the following table in which the third 
estimatee for cert^n square roots are compared with values given by tahlea, 
In 'constructing this table we have purposely used instances of Vn for which 
the flrat estimate is not close* These are the cases in which we would expect 
the method to be least accurate* Notice that nevertheless the results are 
excellent. 

^ \ Second 3^ird ^ 

First Estimate Estimate From 

Estimate (1st, Ave. ) (gnd. Ave.) Tables 

^1 1:50 1,Ui66T l,i^U2ll+ 

^ 2 2.50 2*^5000 2,i^^9W^, 

^ ' h ^ " 3*^^ . 3.60555' 3*605551 

vfl y lu60 ,^ U.5S261 ' i*, 582576 

5 5.50 ^ 5^hll226 V 

vTb t ' 6.57 6.55757 6,557^39 

vf7 8 ^ 7.56 7.55000 7.5^983^^ 

vf3 9 3,56 Q.3^1& 8,5^^00ii 

10 9*5/ 9-53W 9*539392 ' 
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Chapter l6 - ' 

mmrnMMM aot factoring 



!Ihls chaptir and the next di^ vlth pQlj^omlali, and thr follDwin# general 
^con^nti apply to both chaptere,^ As to the mathematical content^ you should he, 
avare that there ara two somewhat different ways of looking at polynomlali in 
one variable. Let' us conalder^ for exa^^lej the polynomial x" = 5x + 6, We' 
ffliSr regard x as a variable In our usual senser that is^ as a definite number* 
' (x ^ 2)(x ^ 3) ^ x^ -^>x^+'^6 is then mn open sentence which is true for alj 
real values of 3^. W^dould verify this ^act by a procedure that is by now 
.quite faMliar, Ihe first step might be written 1 

^ If x^is a real number, then (x - 2)(x - 3) ^ x(x - 2)-2(x - 3) 

■from the distributive property , 

This point of view abou'f the variable conforms to our earlier deflnltlpn 
• .of vea^iable * It conforms^ also^ to the logical requirements of~ one important 
Outcome of this chapter^ thfe solving of^eertain equations. 

Let us consider^ for exai^lej the equation 



X 



» 5x + 6 ^ 0, 



Since for any real number x^ 

x^ ^ 5x + 6 = (x - 2)(x ^ 3), 

we may say: 



x-5x+6^0 is true for some number x 



if and only if (x ^ 2)(x - 3) ^= 0 is true for this same x. 

F^om one point of view^ then^ we bt^ staying within the familiar frajnework 
= already developed for working with real numbers. On the other hand^ it is 
possible to adopt the following som.ewhat different point of view. We consider 
a Gystem whose elements have the form + a^x^ ^ + + + %i 

where a^^ a^j ..^j a., are real numbers, Exainples of the elements of this 
system are x 

/fx, x""' ^ 3x + 3^ -x-, X + 1^ etc. 

We do not regaj-d x as a variable in our earlier sense. Bather^ it is what is 
sometimes Gpoken of as an 1 n de t e r ml n a.te - - th at Is, a symbol with which we simply 
operate according to certain rules* Tarn properties of this system are toJ<en to 
be such that as long as one performs algebraic manipulations the results are 
exactly the same as those one obtains by regarding the variables as number s* 
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^^in other TOrde^ in this mathematical ayetem the statement 

3 ■ ■ . .. ■ (x^i W+ 6) - (x - a)(x - 3) - 



is t^e^ "biat it is now a statement that x" « 5x + 6 and (x - 2)(x - 3) 
tvo names for. the sana element of the abstract eystem, 

What^ then^ Is tie ad-vantage of this gecond approachf ^e in^ortant point 
ie that ^hen we consld^er x as an indeterminate ^ rather than a numherj we are 
able to "See easily that our new system of polynomial e In one variable Ip 
similar In structure to th©^ set of integers. Since ve are fsurilliar with the 
set of integers^ this helpE us understand better how certain ideas-- such f as * 
factoring- -relate to polynomials* It is closed ^ first of all, under addition, 
fiubtracftion^ ^d amltiplicatlonj but not division, tfereover^ it pQssesees a 
unique factorization theorem and division algorithm^ both analogous to those 
which hold for the integers. 

Experienced mathematiciajis are easily able to move back and forth between 
thinking of polynoniials as element.s in mi abstract system and thinking of them 
as representing numbers* However^ this ability to shift from one point of view 
to anothei' re quire c rnoi'C expej'ienee than beginning students have had. 

The teacher- -and textbook author-- Is confronted with a diletmna. On the 
one hand it is clearly unreasonab^ to attempt the formal introduction of a 
new^ absti^a^ mathematical jystefru Moreoyer^ we want to encour^e the student 
to test hie work as h& [^oq^ along by referi'lDg to things he alrea(3y knows-- 
namely, to properties of the real number system, ^ 

On the other hand^ *tlie cmaJ.ogies between the abstract system of polynomial b 
over the real field and the L:et of integers are not Only interesting but very 
helpful In understanding polynondaJc. We wish to avoid confusing the student 
w i t li t Q 0 . ni uny i \ e %f . i d a b 1 1* ac t 1 d e a r at. once, wh 1 1 e at the s ame t i me s ugg e s t i ng 
ideas he will use with increasing frequency in his later mathematical wo^k, 

1. he I'ollo w"in£-^ LiU^geLitlonLi as to teaching appear to be consistent with this 
oyer- oil pui-por-e ruid la'e used In this chapter. 

Is Mernoi' ligation ol uei'i ni t ioiis shoulrl not be stressed. Although we need 
-^brne vof/al-ul^ii'.v- = no.: .v:iO!:;ial ^ degree of a polynomial, and the like-- 
u the et:ipLa;;is .diould be on simple I'ecognltion primarily. This is 
beguu^^ our de i' i ii 1 1 loi. }K:ve to be comewhat provisional, 

2, in'^jnne^"-'! lor. vith e-,L-h '"t./r'e" of i':!,r"toring situation^ tvo steps are 
ix^^Jved. i' irstj rei]erri\ prt.t Lei'n=-foi" exajriple^ 

. : (a . b)(::. b) 

L. ilf'vo' :>r^:^i :'r>; .nr '^w : e i^'ie -oi" the pi'Opei'ties Of the rea.l number 
rv^.Le;,.* /u^=o;i.;, /Lu.ierii..: 'WQ ^.^iven suggestions as to how to recognize 
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-thli 'pattern, Magfama with arrow *and similar devices irt intended 
-only %Q aid in "^hli recognition* Students should be remindid 
"' * . ^ frequently that they only applying knora i.deai, _ 

=3i Where ^propriate^ the text notes t^t a given eoncluslon "remlnds- 
"ue", or "is similar to" one that we reached for the integer i. *We 
do not do imich about this except note it^ because we do not want to ^ 
formalize tht^^imilarity. However , in discussions you may wish to 
0 he sure stud^Ka do tndeed remember the property of the integers in 
question, 

hi Students should be encouraged to check their TOrk, if they are in 7^ 
doubt J by u%ir^ niuntoers, = 

5* We have noted (Section I6-I) that every polynonilal can "be e^ressed ^ 
in "common polynomial form"i Had we wished to adopt the ahetract 
point of view noted, we would have regarded polynomials in conmon 
polynomial form as elements of our abstract mathematical system* 
We wuld have defined the operation in this system in such a way that 
the product' of (x ^ 2) and (x - 3).^ fo^exarrple, would he 

- 5x + 6j by definition * Our work in writing polynomials in 
common polynomial foiiri is thus pointed toward a later, more abstract 
point of view, even though we do not m^.e an issue of this, 

6. As the student learns to factor new polynomials, he is given oppor» 
tunlties to apply hie knowledge to solving equations. Solving 
equations thus to some extent provides motivation, and it also serves , 
"'^^ as a reminder of the relation hetween work on factoring and our 
i de a s abou t r e al nurn h^.v f. > 

This chapter is very*closely related to the next two* For this reason,^ 
it is iit^ortant to have in mind what degree of mastery is appropriate at 
certain staijeEi- w ^ 

16- 1, Po ly noml als 

Hi is section de>aJ.n with addition and sultraction of polynomials. The 
material in subtraction may seeni inadequate. It will be reinforced, however, 
in Chapter I8, where more drill is pi'ovided. 111 is arrongement seems app'rop-- 
riate^ because we use subtrrictlorij of courir-e, in connection with division of 
polynoml.als in Chapter iS, Iherefore, additional drill m.aterial is not likely 
to be needed in r'^^ctlon in- 1 , where we aj*o mainly Interested in stressing 
f-^^ioral ideas 'iijuut poJyiiomla! * 
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l6-2. i g&gtori^ by tha metrl'butj.ve Prgsarty 




an TO write an ea^r^silon of the form ab 4=^^' as the product a(b+d), 



are ei^ly applying the distributive property* We eOTphaalze this point* 
^ In order to spply tJ^ dietrihutive property^ we must fir at be able to recognize 
.^Mimn a given pQlynomlal has the form ab + ac. Thus^ we must be able to - 
^rldentlfy a* Now a le alir^ly a comon factor of the terms ^ and hence our 
Ideas of conanpn factor^ and of greatest coranon factor, are relevant. 
^ Beglniti^ with Section 16-5 we will be increasingly focusing on jfugAratlc 
po^Tiomlala* The material on factoring by grouping "lerms will not be needed. 
Students should understand the idea* of factoring ^by grouping^ but they wlli 
vaary greatly in their ability to select the terms to group* 

16- 3 • Difference of Squares ■ ^ - ■ ■ 

l6^ki Perfect Sguaxes 

l6-'5 • Factoring by Completing the Square \ 

V - ■;; ■ - ^ — — - - - ^ ^ 

Ttfese three Gections are closely rented, Thm ability to recognlie per- 
fect squared (Section l6=3)i factor the difference of two squares 
(Section iS^k) ^ m^e both needed in factDrlng by con5>l€ting the square, 

^ CoT^leting the square will be used over and over again in Chapter 17 j stfid 
conseque^ly^ it is not expected that students will have developed a great 
deal of skill in it at tlw end of Chapter 16, It is very inportant^ however^ 
that they understand thoroughly the idea involved* 

16-6* Summai'y and Review 
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17=1, Factoring by InapectiDn 

17-2. factoring Inspection ^ [ coixt Lnuod ) 

Tlie Gtudent should under;;t-uui th-t polyno!;arL.h: which cai; be factored over 
the integerG by. iru:pection cj^ui aJ ro he fuctoi^ecl by the method of completing the • 
equare, Hiey shoulc beco^ic feuniliai' vrl t l^^^^rTnethocii; , 

In factorinf^ polynor::!-!:^ over tnc int^^-^rj, intuition and ingenuity pl^ 
a role. Students .n:ou:!d not ho 1 1 ^:courn.j:ed fj^oin -uecclng, nor E:hould they be 
required to follow a riyil sequence of stons in factoring. The very process 
of testing a wi'ong gues:: mny help a ^ta:dent to ^renter- underGtanding . 

fjome stnlents v/Ill enjoy usin- thcLr luiowlod^^e about factoring integers to 
find short cuts In ifLctorLnc po . viiorni aun 



17-3, Factor Lng Over tji^ PcmJ ninnt'Cr s 

Betveen^ie cons Ide r^t i ou :.r rn^-tori:._ polynonKucls over the integers and^ 
that of f^cctorln^: pol ynor:;!/-! s over the real iiuiMbers, It would have been possible 
to give more attlntion to rtM-toru.- polynomiai c: over the rational numbers, 

Suppo.;e, for e>:a:;:plo, we ^;ish i ) -^n^lto r^^' - rX + 1 as a product of^ 
polynomials of lower decree witc. r-:tiou:d coo 1 firaents , llie process is 
extremely ::l!fipie, V/e ii'<ve; 



Indeed^ we c=j=u ;t.:^^s. 
rationaJ !iu:;:i er 

111 is i-!:wi is c-,.:- Is 



;ei- the r at b.)!i ids as the profluct of a 
p sioinlai with integer coefficients 



i 



x" t I is 

that it coLi.>-querA i 
nioi'e riuasui'.; y^'u 
(druice ;j V '<■ :'s. y ^s : 
ni' DMJiSS, ' :sd i ' 
Is I er't ss , t . it ^ 



ae^ers. It Iv- not st al3 obviouc 
! u >jvt;r IMe r/itlaiiaL numberaa Ibe 
['].: M'.yys JsasM s witii, the better 
■ ['■■■ J v/iMch I'nVlOwi; ir'Oiii a }eum 

I':: I : :..it S'lfi or:!' 1 e iiver the 

1 r''l i.oiKil uu:i;^eri^ , 
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On the other himd, + 3x + 1 is factorable over the real numbers! 

. X t 3X ^ 1 .{X + ^) . ^ 

Incidentally^ one immediute consequenee of Ominn* I^emnia in the irration= ' 
ailty of F©r if /5 wet-e rutional., then x"^ ^. 2, or ^ , would 

be factorable ovei-the rationale. But x"^ ^ 2 is a polynonrLal viiich i^i 
factorable over the integers, Hence, it cramot be factorable ovei- tlie rational 

i\s we Gee, factorin^^ polynomials over the rationaJD does not i ve us any 
new fkctoririg possibilities of iTTiport-ince . V/e hove chosen to niininii-e any dis = 
cusGion of it for two_ pedagogic reasons. First, the student will need factor^ 
L-ations like ^(x ^ if in connection with his study of pcuvLbolac, Gecond, 
thf' manipulMtive problems of factorine ^^re time (-onsuming, mui we have felt it 
wise to -minirni::e extraneous matters. 

17=^+. Qijadr-atic Equations 

l-;ritlnr the st^iiiJ',U'd form ot the ;;uadratic poiyno?:iia.l is nu easy exercise 
in cor::pletin(^ the squ^jre. It will be a usc^ful tooJ in dealin^^ later with 
/^raphc 01" pia'abolas, 

Ihe quadratic fornarla eonciiuJe;- this chapteia It Is inserted as a natural 
^generalisation of the solution of juadratlc erjuations by completing the sr|U'.ire. 
It is not Interided th:st tlv^ student acquire inasterv c^f its use. ilie^ wide 
appiicubllltv of the teehnl'iue of compietir;: the squn^-e mnhes its continued 
use in solving quadratic equations Just 1 id sh] e . We want the student to con= 
tinue to uiiprove iiis shn:r In usln- Li.. Nbreov^jr- tiK: i n1 eria^etrrtion of the 
quaUjaLtic lo rina ., will be lMc^u^cs, :ind lis use consequentJy less mech^Lnical , 
when the ::tude:a eim relate it to the y-ranh :jV the qusdratLc polynomial, which 
wiJj t-e diS':-ijs^;ed In Char ter 7s\ , 



d 



II:Ti^OIXJCa■lUN to PAInT k 



nOi::t:- ?i 



vnili-- i'j!.vil!:r -aer UlL On u vva^iety or topic:- which ^aai^e uuturally 
^^■-■tQii-^. i^ua.: Ch'Lpte- cieruU' with the divinion rUcorithm 

..j,,f v/ir;! thi- --^^^hr-:. oh rutloriHl exprer::loru' . Tlie development 
.:m;o -!-.,■ ;.ntwt'C:n Lrit.o^i;;i%- ^aid rhtionul riU!i:horn an the- one hand ^ 

r'^t ' :xvve:' low.: y.i tne otiu;r. 

^ jr:v>ytoh. tc: tiioi-Qiu^h treat-icnt jr tlio matter oh equivraent 
i [1 U:va rt ii ir --Hci ^ h T ^ "hi S ! 1 qnorlloi.^ renitl^aillG "he - 
• v^j,^^ i;, ,fl;ihninr -i chrh.n oh equivfUerih L^entfticec ru'ice in 



, .H.hh . 

t. hi." 
.0:;h/:.' 

; ht V 



.;-riiauco;- h.vo Lv I nr t ioiial expi"eL;:;ionn , InuqucLlitiee ai't 
it]; ., ;i-ft.i 'Hk- hou- roveri:ihihlty oi' "s(}iuiriric ^JOth r:idey' 



i:,i 



.1- 




xiuro fj,ju-tlu!ir Lii d,v-o v:a-ialh!er^ hlnce the truth 

; -.J 1 n;; 1 -^t of Ordered pMirC ; we ore led 
... re-! :ai!;Iher pi ■.aie , ;uid to the cr^iph of the truth 
rrr-: I , Tiii:^ loiidr. into tiie GynteiTULt Le develop^ 
; in niautoi" h 1 . 

oh^""^-^-^ '-^^ hlrf-t decree in tv/o vru^iiihleo 
. p :;oivLnn t3ueh :^y:;te!:u- ±r- i"elated to the 

: . ::.-j[yi:nv,d-,\:: u.re developed in CTiapter 23. In the 

I.: upportunity Por thu ' ^;tudent to ^pplj/ hifi 
-l.v-a :W po lyr:0!::L^d , 

: |,rr..dn-'^-:- ^-on-^ept oP run^^tioii -jid the i:traidc\r6. 

■ ,-l--y, i,,.tv;f;f.:, td:e iiincMnn <^0!t'-e[rt ^.m; the prnphu ot 
.;tre;:;-ed, /ihe rtudent !o'ijMi^_ re;:tate hin 
:,-r-!:o i 'u - ^ Lu teriij- oh riuKjtioni:; * 

i. , i.-h in;- ih:; e?LLMif-.r KnoVlehrG li\ V:ahety 

.-; : ■ ' -.v;-,r^.' t.tio >--;y in wiLhh: on- [iiathemrit- 

ih.L:, h; fihO ren::e he rhoiLpi repui^d thir t:i:itei-ia] 
.p^ i:. ^.:.^h_.hc:r ;enoe, liuv/ever-, v/o -.re !:iy1nf: the 
,,,, ,inv'- :,)pefi dmdn/- t.he jrt.iicient rurther iii[Ltht = 
■ r: :./^.th^-i'r 1 P.-lI , I era'n].r-f -rej.a'e^^eutr: ::. iiew 
; . vh'* r<M- th- rtudent. 
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Chapter 1^;^ 



18-1/ DiVl£;lon oT rOlyiioiii ^0 l: 



llie tdready noted ;r-a-. e ; 1 :; :-;r:-T-rr /^Tv.r,?::- •] ^^r. jr iinerc^rs and 

the net oV polynomial:; Ln nae v\v[' \ :;■ ^v-U/aJc; iXirlli^vr la :et:1.1on;' aS^I 
cmd l3=£. Tlieuff rec'lor.:: floa.l :/ia. "U.e I v i i - aorl t 1:?;;. 

We i'evisir the (lAvU-la. ^a -■i^a-:!/:. ar: i Ixh^ 'irr-rtn-r: '" ' 



interei^r ■] -a.! v 



* ' T!ie proar a:^ 
Firot, ir . L '^ ri, 
^ rernaindei^ i.? 



M aa rh^: aii;ni..e;i' line* 
^1. a, tlieii the 



II' d Mill a va'a n:ji;i. i:-lv- 
Ol' d IV. cei^taii/a, /a'a^s^a:. 
the :;et ot laL.e/ar t L a : 
£^mallert , !Ui : . j a ( ; ^ 



'll.'-:^ - a. a LnLe^^ei^ :nulrinle 
. : ^ae n > ; , nci. > n. Ot 
i "' a\a. a_, cioDK^ the 



^Ih^-iUaii 
ill laae t' iw. a ' hi : 
ce jiieace a:' t-a; 
i:t.r!ted la 
^whL-h ;a -.t.e;-: ' 
a cirrKLi le:'1 ' ■ i 

^ha rat jy 
divU:Ifa. '\i^--a-y^ 
Q, I. a, ■; - :.-a 



t '-'^ ■ ' aa ret OJ' 
: '-'a L::a;aci i ^ ■ t-a L:aa- 
"at r;.:i I oar (;■ r a-r 
' - ■ waKaa a;-^ I- 'v [ :[C La' 
/a LaU:aa-ra' -u<:: ■ 1 



ana. either K in 0 or the de-ree of ir le.u: th:-.n th-i of P. (Note the 

comnoj-Uoii; I >v 1.i:to,'er:- , v;o h-/e 0 < v < :u F,.r poJ-nomi-.: y , ve have either, 
the degree ot L:; lu.:; Mt^-.j -i;- : f i 21 ^* ^ 

Th;2 proof of the div.l, in:. .rl. i ii! roi^ M.^: lu vhi-h II hay degree 

E° i;d D hu::: docree : i^J ver; .-h.Td.r, 

V/e need only ^:q;i,.;y -i.u - : . i .-n ; r.--^/. od i.:, 'nt nMuicrl text. 

r;v,,t V. rii-,t ;nM:!-ac.- .:.:L^:.: ^e ^.^n ; e ...l' : y ^ to eliminate 

the ten:: t:.--^ -,;.;-:;;.>:.■]■ ;v..:-'i:..e ' 'a: ..u-'j tIa: a teriL, 

,-oner-.: ;j.roo.r ...r = nf; r. u i ■ - i. • L::. , wll 1: ■..■-.uJ'i i.olcl for till poly- 
ro'-i:'''r a:^f: I', vou. ; tj HM .r ,:.:.ieu --e'lulre !:i",+ iiematlca;L 

-re 'iv':^::-- :-i-h r-i . ; ^ . -A.-.', r i'-r v;.; ^ 

v^,,^; i^vorro. henco, -h^ ..:.:vi..U:. a . : ■ h:;: d?er; not hold ir ve liiiiit Our^ 
,;e!ve.; to roty-o::!- .vor Ua^ s. -^v, . 0: - --..ierr -h.:. con^pletec Items ^UU 



:\.:ro,rith::: hold:; only if ve 
■ory coerflc Lei"iu except 0 



to ^^r^j .Tr^-t: 



• { ,a i;.:y. rt;.; 



;:iO V .ri '.:lle i:' the mt 
:::.e:;;^::!t tiiL^t x(x -H l) 
.-■i ::-:th-;:::u"U;;'I rystem 

i. .y-;:. V!. Vh , ilu^ ^rx ample ^ 



?;iu!;.he j'i.y then 
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we muot exclude D from the domain. V/e do not have :i. true Demence^V x ic 
0. Howover, ir wf; rcfinTd x an rm indeteminate , th&n i r =-4 ^-4— 

acain a statement 'ibout eJemtntL: in our 'J^^tri^.cx ;:;/r:to:;:, Mid roivj tYa' ;'UOut the 
domain of x would te 'ininrle^^ 

We feel that to adopt the roeond loIu^ of vIqv here v.thhi ;e connisin^, 
eiven the aECumed leVel of maturity of tue rduMentru ileace, ue have emphLicised 
the flrr.;t point of view ajici with it. the nef^d :n evcJucie c;ert-.U.:i vaUieL; of the 
via-iiihle in dealing vith rat Luna! oxi a-e ion:: . in "Ma.- 'V:y, ve uro luhaia ^ai 
^Lpinaviah waich "cplr-J:^^' into □n.pter 1 ;V vaere 'hh-,r ! 1 anh e^ar tionL 're cUr^ 
(aia:;ed :aai whrrr^j , coa.:e ilient Iv, V-di^.e;- .jT ti.f^ v-.ta.^.: . wi.i'li wnihcl lerai no 
divi.,ion by 0 min:t he treated aith yreat t^ru^e. 



[tnamai'y and heview 



Chapter 19 
Tiiimi UET^; OF OPEII EENTENCES 

\ 

Trie ijtuderit nar; had a /^re .i; deal oi' experience in ;:olviny enuatione hy 
Qomtr^i'-tinr a caain oi equivalent eqiiatiQnn. ihe objective^ of course, ie to 
obtain -ai e ;u-t ; v^n wliLcM )vir. an oi^vioiin t nnth net. At the tetMnnl.nc or this 
nectlan ve review hoa aae e anrtion in GanLvaleiit to a neconcl if one Is obtained 
I'no!': ' ne oT^her i "revernible nten'' . Trie permi cn ibXe Dtepc ore: 

': , Addirnr (on faibtr-'n't in/' ) a rea.l nuniber to both Giden. 

2. Multip lyln/: (or dividing) both niden by u nori^ nero real mimber. 

M. rr ; . Iden a^'ice it ve v.unh to add or :;ubtract a phrane containinr a 
7-Lr-iabie. dhu.^, 3 e .iulvalent to ^ nay^ (2x - 1 ) x - (2x - l) -h 3^ 

r-i^u^e • x - . n'';::t^n noa] number no matter vhat number x reprecentn. ^ On 

I ^ 1 _ i 

the otnen h^nc^ < ■ L;: not ecuivalent to x + ^ ^ J + nlnce, for one 

v'uue of X, — doe.- not. a^une real nuiiiber. Notice, however, that x - 3 ij 

e.|uLvnner.t -o 're 'O!:inound :;entence "x ^ 3 ^_/^^ x / U" . , 

A mone ;nnn:l naje -adne:: in tTyin^ to no L ve , for exoiiiple^ x(x=2) - 3(x-2f)* 

pivMlan by X ^ :j yiobd.:- x . ;= , whicn l:i not e/iuivaJent to the ^iven equa- 

tLon, a.^ -Lay be neoti :.y conrparinr an'^ tiaith nets. We might solve x(x=2) = 3(5^-H) 



an I n 1 



n(x ^ J) ^- -(x ^ 2) 

. _;) = -.(x - b) -■ 0 , BubtraQting 3(>^ = 2) 

(x b)(x = b) 0 , distributive property 

V ^ ' - ii jr 7 n J Mb ■■ 0 Inipliefi a 0 or 

b 3. 0. . 



"[mm a a tba- e'lCb li' tan ntetn^ t'b-.en n.bpve lg revernible 



■ ax"t. vaj 



nnr tbar nluce lb an i-:, then :i - b or c 
!e:n nia'e hi ■ rd,ei^ that 

v(x - b) j(x - d) eqiiivMdent to 

ca^ X - b. 



■era , |a'e tre'ibed in tnas Gection, 
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V:J'2, Erjuatlons Iiivolvln-- Kractloruv 

We nuw tiyylj Hit: Me?!,;: Uit prGOfedin/: i-ectiori to e^jU^itions such 



that tho dom^dn or the v-.iM-: ■■. ^t-.m v-.,i;t:r trra, malce axiy denominator 

0. ^niu::^ / 



rquorin;: Both .:ide.- ££ ^^ K u: - 



Wf^^ heri;! wi ^.i: wch^:! r.r whU-; :e-.fjr : the Open sentence 



It L:; ii'iLurai to ^q.pr:r,r:. thti: o:|u^rHo!: iy 'h:;u^-r!ng both nides''. In this 
■'ai-^e^ the :^.;)luli j!. l:; oid-nnm wit:.--' c 1 1' L' i i ty . We then deal with situa- 
tions in which :) m:.irl-r loth r^^^r -h -n e-inwUnn doec not lead to oji equiYa^ 
lent e arttion. . . l!i hn.-t, ;h.::-e 

it I'o] lovj i:.-t thr :-'hnti .-r-' ylre:. e ;unt:,ion is a suhset of the soluti^ 

not oV the oar'tion oht-h-n'-h :y :;i;-.rLnr i 0th ::ide^;. 

ihe tiTith riQt or X -, l:: s.y;i;i of the tinith set of x"^ ^ Those 

.:h-^< 

soIutLonn ov th^ e^:uahLin t - L^e-I'^! y f;r-n.vinh, which sre not EolutionB of the 
orl/;:innh enr^tion, :-'d i 'M v.^;; : y i.^e!. ; I ed ''extr.-ineous solutions'' of 

the orlyuiai eiu-tion. -v^h : ■ ih ^ er::;inoloyy . i"or us, a solution Is a 

member or a •:i-^th seu Any :Ain-.er v^lch is ivyi in xhe tiaith set is not a 
sol li^ ion . 

"-qnas^.y" ^e. ^ ■oh!. ■ seves; i i_ e stei.^ the student is csutioned 

that chccl:iny !.■ a£.;als-ey; se.j£.\.'.j\- :s.s:.svor tf:o SNU£;jsLny technique is used. 

T}\fj stutiont .:n-,ws t;/,r ;-y ■ y - : r-,> .y i .>g.y r;u::uers so he should 

be abie 1 ,> : ee tisn n s.^ir [ .:.-/yvir..^ als:hute value :nay fd.so be attacked by 
s \\u I nr . 

we rOTTiLnd tno stuheiv: ' ].■,• ' :.' ioa-ha tse v'a' U!.: : ^: :;!-.y hm^e to be 
restricToh. .h.u.y ^ . h^.- ..a re'h :.na: er it x is le^ss than 1. 



19-^. Inequalities 

The ma,)or tooln to ho uned in flndinG the solution set of iui ineqUHJ.ity 
are the addition ajid multiplication properties of order^ The addition projjerty 
of order presentE no eosentially new problem* On the other nana, tne niuMlpli- 
cation property of order niuBt he u-ed with caution. 

We first review the material on solving ine. mantles which has oeen pre- 
sented ear]le.^ in the proGnom, p^^rt Icul/irly in Chapter 10. 

Ih- problem of multiplying both sides of mi equrdity "by a phrase which is 
eit. sr nosltive for all vahaes of the Yariable or is neGative ror all v^blues is 
discussed hrieflv. ,ihat is, - ^ < 0 is equivalent to x < 0, since 

+ 2 X . , . ■ 

x"^ -h 2: i:: positive for all real numbers x, r:inillr:rly , — =— = < CJ is 

= - 2 

e^ iulvalent to x > 0, since ^x"" - 2 < 0 for all real nunhers x. 

If a piirase is positive for some values of the varlyble^ zero for other 
values, and negative for still others, then we must investigate a;il three 
BosqibiUtins. rtippose a < 2 is true, hoth sides of this inequellty 

■a-e nTUltinli^d hv a, viuLt conclusion may be dr^n^ai sibout the order uf a 



hiid 2a ? 



If 0 < a < 2, then a" < 2a* 
IV H 0 j then a'"~ _ 2a* 



If a < 0 J then 



V/e dls^na;- tals question in connection vlth inequnliuies such as 
(x ^ l)(x - "J > 0 ^mieh 'ltIso in the study of eleisentLa-/ calculus. This 
portion of the sec;tlon is starred, hut it is not extremely difficult. 



2i.:i:i!:raa- '.a;d invlew 



} 

\ 

\ 




Cluipter :::o ^. 
\ 

QhAPlT OF-' Ax -i- 3y -f-' C --r U 

In thir^ rhanter ]^oi:l.n the rtud- 01' -ipeii :;c:it Gi:.-e:J in two Via-Uib.ey OJia 
the gr:tph:: of th^^:(- :'ente:icer, Ve niotlvr.Lte thQ \u:q oV ord&red prdrG ao 
coord innlei' ^m.' point;; Ln the p.i 'ui-^ by the ::oed of orcierec] p^Airu to denote the 
etemf'nx:: of the tinith :^ejt of' 'o. ^pon ;:ente: h. 1 vo loa^l^.h-Jen ^md aoncentrate 
on the; e'-;ua'':i>-v. A>: f- > h olth not . ot:. A 'itd B :;eiinj. 

' Mil G-r Plnno 

V/o inlr.yiurje -toe uoc ot^ ordereh y-lv:- V-yr :-QlutioMr' of the enuatlon 
^ ^ ^h 0 .0 -jvl vc L^how thot tnoi'e 1.: o onc-i,o=ono c^prref.mondence between 
the net oih ;o^dei-ed vixirc oh reo; nun:hern rijoi t)io iioi!:f^r oh the plnjie . Ifie 
r'.r,v\Urcv ■xo: .^"0 IrOroduced ^:i^o zho .-L^^.]enT i- oiveo ia"-cti-e in locatinn 
poiiit:- oj-^h o!.V'^?n eoorduvii o:: and f:i.ndi:.c "^ho c norr] ir: - \e:: oi^ n oivcn point. 
mr\i o" liiln ol h; i.f-t :o:r;iiiL^r to Uie ntudent -:a.:\ ll(/m:l^, he 'dhe to do this 
nectioi: rothor ;ui'h;h'^'^ * 

hO=h. iho y^ho rr; ±J£L hgiou i jo ^t hio.e 

We iQrlii \:ith ohi ponono. e ano.Ionj f-^x a hp P n with not both ^ A 
rar.,, ^l:e -todeih. i tod to rll:-GVea th;.i oil the notutionB of thla 
e.iuatPjo 'O'e on Plra; -no th-t -.'I Pk^ n.oi.o; .-o this tine have eoordinoten 
v/al-n :--;tln.rp thi- o piaLlon. ^o.o p-oPL;ao^a^ oiuationn: x - a and y ^ b 
^nno alnu ho noonidei^ed opon ror.tonro:- 1;: i wo v^odobje:;; that in, the equn- 
tlon -A a cnj: to =-aMtten x >- ^:p/ = ■ 0 ;oid the e-aiation y b coxi be 
vrnitt..eh "'X t o = i ';ho prapji >V / I,- vo]-tif;-j lane ^aid the 

o-f"'!-n : L noi'Pn.oa a! .1:0;. 

i:.o y-Ljr^:. oon--t.jon Aa ■ ;:p P . i'';,cip it. :;ten prnphin^^ fPnce 

the ondio -^e (p^v-.Luo) or a",.;o pjPo, ot ao- .o-:,oa -Oiv ;e Poimrj In terinn of the 
■ i ■''^) ' whn P , jr ■ --nrro, ; :.o a =no^ i-toiv/eri r l"o%;\ of' the equn^ 

''-I'-'U >:' ::af ^/tl^o l-- ; a': ao ' -^i!: o:.- 'O' ;ai a - P. ^■naLvTLcj ;;eon:etry. 



.<o ; e^aa 



);■ -a.o arai hc: 01' tPie '^■pUitian 
-"'-O;:... the rtarioni di:;|ove.rr 
dh 'P o::t -a' V io 1 ho v-'Vorm 



In the next ceqiience of itemL;, we ^lon.arMrt Mie -r-; }ir oV trie eiuatlonn 

all hav« the. ^^'i;- dIrocUon, i-Ut th^ i.-.:; ".n- i i:." vML the y-:.vU^ 

depend:: on tb •■due of h» 

'We nre '.o the d^r Initio- c:' / : = I::' '. ^ ^^r ' ■ ■ - ^ ^' * ^'^^'^ ^ 

tl-c-U'ii l^tveen tho y^interver - : i.^: :.^-:t:r i h. lia- 0:y:aUo; = 

. I- i" the y^ihieiv.;: t wi.:-. h 'l- ■ ■ ' h : ■ ' : •: l:.^' I'^^hd Inter, 

cect Ion or t M rie ::jid tij. , - i . ; i . e , , ' ; - ; ^' - ^ - ' ' ' d ■ i * 



T j ::.l:^J"l hoi' on 



v/e ;:;Lve^ e. ■.■:0 i ^'.1 ly , U '-lO : hj 
. o:,j,*, or '\ line: hi^'- cQeriif^Lent ..r : 
or the verticjrd ennj-.ye to the horl^en-t: 

the (non^vertica ) line. In o r^ourre !;. -ne -tie oee^eei-y, ii. v/hl^ti line if; 

rripn e geonietrie nieaiiine, the ceaov.: o:' o:;-. e v,^n.i i,-J;en eyderiiuTion 

: the rirrt proved ee e theoreir;. Here ve ;.-.ve --^d-i ly OerLn- d line in 

n- it ■ ^ ^.quntlen, '.nci ri I. uoner-:.: : moo: ry>vi eerinxtion ^eid 

We nref^er to r'vy th-v the ; !ope 



L:ie h "^e.rleiM :ied" rether 



trian eo ;-:cr that a verti^^ 



;-.:e' . Ih Ir h ii; heepiny oLth unirU 



ter::d:: J :.oyy rh rnj. ::!:Oul t . er^.^^^ t' - :&:o- 

0^:1 t!-;=- i^-j--t thut hoivLzoiii :i:r- to/ 

yO--' * Aeth.lv ;t.i [win: oi' Lh :y;0 'Oij mierv e; 



tut we en til i Linden 



■y^ thir .-.etlon we /n.w in / ):::e e:-c;py:- o:/- ^:.e r-.t Lo :.r vertic^.l elianye 
t,, ueriov-.n^o: -hanoe tro- -ne pwlnt ' ^eoh /en ^.e. "ho". . ine 1/ one r-r^e or; the 
.■■|ope or the -line. Ih:.;; .■■ 
;;t:i^l'ed lxe:;e.;. 



r: a;' "^ oe ^-^o 'Oj": le yrjor ir; yiven in 



ne :ouiae.O h oioe:: .r^.- l-e I. : o-lh.- o... . Lw . i.vee tne rhope -r:d 



uOureept, tee :oope ■Oi-i -ov ^^ne i.oL:y, no. r^. or, i-l^^ 

nrh we 



r 

^ i.'/^:^: : " Of; fOOl f'Ci Lnotei) 



wr ; ■ n- ;0o: lOe 



-^O eOo:;lp.:e, p l \ 'j ; ; > : r ■ . ■ • • ^=.. ^ ' ■ ^ — 

.pO ] :,-0,f:,; O^ - ho rd j.oi n! , ■ ::o;: "o^ i : e 



h:0.:eve:y : f ■. 




. y - -X - 1 

which is satisfied, by a.Il the points of the line through the given polnto. 
However, the two equations are not equivalent cince they do not ii-ivo the n'w 
truth Bet. 

20-5 * Si-mimaiy and Review 
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Crumter Til 

21-1. Orrmlw ' of Inequalitic-^: ; 

V/e conipai^e the oiHl^nate u'' ru.jlut jl i iiie y - v \/i ! y the ordinatec 
of (^^ointG wii:!! "the cai::e aL'r.:clr;: a aij^r/c th.!:' j. iu » '.riit ! i:ie divider: "tho piarie 
with two half-p] oji^:: . ilu.; rerioii 'Lfo\^o tih ■ ! Lao i.- tlio l^g' oi^ 'ill r^oiiitn 
aatir^fyin^T the open L^eriteiiC'o Sx. it" iho ; 'L..': ji tia- '! ioi' -j'o inclacled 

in the rerion^ tho '?o>a^e;;poa .! ia^ oaea :;*;:vi af.':G ir i^ j x . Thus^ -.-e \a'B rible 
to f;^raTjh opert Qontexoe:: iii two v -a' i ■ 'h": O;- whh-l: -ye aa^ a^-il Itie;; ar weJl au 
equaait Lei.a 

Ini^: DectiO!! [^ivec the :;tia.ier:t prataii-a i.a ai^^iphiav there opeii nentencen* 
Althoaali it Ir :;U[xeated tlait the rtacieih, iiaj I'oi':.. o:' tia. ineqiad.ity like 
Ih" i/^iori:, -a' 'u. e aiHt lOa 01' 1 re liia;, lii'- rtuaeai raaihlQ aat he dl oui'ar:eci 
from other 'o-proeohea. 

Ovupti}- or Upea he;rta'; t:.; i..v-ia.a;:a ana V' !ae 

Thii: rectioa lerhiaa ai i h ^l^: :a\;"'e "a^rae Ir v .U:l;!e not only i^or the 
opportunit;/ it provaier a?'"r.ll ■ f vaj:i; ■; r. va U. rh:;:"'^ute V;d-ue enad.ier 

In the eoiiroej tut ::ov the jppo at .aa. h"-" i't ei^:aa:qer r sr ex^juinifa' vmat 

hacipetia to aiaiph waea rG:i'tel:. cr:r::ae/ ^-.ra :;/;f"i,e i:. aia: e na:1ion. , 

liie r-i:;ip"! eet farro Lr aj: ayc/a re.her.'^e ra^-i, ar a^ : 3, iiil:: 1:: now con-^ 
o Mei'ed /.ir /!.n ar^er; rer.teara Li": t',. . V'^.r\-i.\ ■er fir; liaita ret ic the laiion of 

the truth c:etr oh tiie heratea^^er a y aa ; x - . ^Ldiaje e-aai oi^ theae is 
the e-]uatioa ra" a Lio':', " a^~ aI^^^yh ■■^ x! - ir ta^ .iiiier. 

Ine artirl: ■"•1 a--' i o''y ■ '"^ "h. ■ ■ ■ h. ■ vay; * We my ■a.i'irLuei' 
til- ronteaoo -i. x -a "-, ra i r. a- li:.; 'h. 3 :,:.f] x -y'a ilie 

titith ret oh thir rera.eaee I: aa; i r ■ '^r . a^-; h^r ai' Ire tia.th r^et r aii x < a 
aiir X - ^. 

Tiih ir r y- - e-j.. 1', ■■ arr i ^ -5 r- ■ .e.aar^e 'h: r.:.,; r - j car X a 

an(i X > =1"^ I'-^^O;.; '-e ax le;^ r^■r■■.aa■e ' ^ar rr ^! r rrrirLaei' the ti'alii aet 01' 
jr! 3 rr ; hr aaiOf. oT ^ ra ^rr;r re a , y ■ |-- ■, ! ■ -.1: \o trr f!^-,re Sx^ > 3* lidthei 
of fhere h.r.erayo, Lo; . - r ■ la-- * . 

la tF:r f:eefaai r^a*^ :' a.ir . ^; ^ M r: r-.; -a^rr -a.- er.^-.M'"tM I;—. ahe 

rtiaieat v/Li! :;iee"t iri.. /a = r;a- ;-'\aa ^l- - ■ a. ra^ rh.ra X' t ■i-ai i aa :.e) aot 
Iririrt oa eonylere :;.-'rieiv. ■ ' 'ha; ■ \ . 
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-^^'■* Graphs of Open Sentences, tnvolvlnij IirLej^tv i-r Only 

Ihii- L-cictlOii L;: LnfMuded because it Lc hoped -ilvj rl.iiden^ vi L.l real XlitiX 
open sentences do not neceDCJiu^ily include u!l v^y^i ■i.uii^ ttr. vunrU^e !nf:!nhern 
01 their triith z&tc , 'md will reco{;nlze the cavrc:-po:\^]ii:r :'itu:LiL:jn r;o I'-u' 
th'- rr-Lph.- iixo coneerned. llio .;ectl:.>:, i.- .:l\'>'red. ii: thi:' cm-u i:cc'.:iir-c it ii. 
out 01' the mainrtre'^ijn of .thr^ coui'ce, ::or hec iiu-e oh - r; ;1 i^f Lcort:;/ in the Ideae* 

In hectiori 22'-^^- -m oxainpio ii; fivon ^'or v/ih.-i: tht- r. ) . irf. i oii lu-tr fonr; let of 
orclerod palrn or pot^ltiv^ inter/erro ilii :j wi.!i h-yo/L::\ :i j d i.i'i'i ' I;; to The 
.-•tn :ont^ ev i.r iio hn^ not O'e^id thli- :;eiO;ie:.. 

llie runijnitry ol the matei'ial i:^ ;^ive!: in X'ij\<\'j.r Iji^ni i'ji' convGnlenee . 
iiie ,'rudent rd ^ou h1 not rnerr;ori::e thi:v '.M,hie.. 
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Qiapter 22 

• SYSTEMS OF EQUATIONS AND imQUALITlEB 

^'^l* B^Btmim of Equatlopa 

22-2i Systems of Iguatlons ( Continued ) 

* V The system of lineaa^ equations ^ , . 

' - 

i M + ^ + c = 0 

' * + ^ + F ^ 0^ 

that is^ the conjunction 

.' Ax + ftr + C = 0 and ^ + % + F = 0^ 



wise if in mmy eonte^rt^ ^wtx^r^ ^to variables have tvo conditions placed on them 
ii^^tjoiiedusly, ^^ij^robahly escplains why such a system is often q^lled a 
'■system O'f simult^eQUB equations" p , 

'We want the students to continue extending their ideas about sentences^ 
truth sets J and graphs* Kius^ suchjj^system is another example of a sentence 
in two^yBriablee J t.and we again face the problem of describing its truth set and 
drawing its graph. As before ^ we solve this sentence by 'obtaining an equivalent 
sentence whose truth set is obvious. Here we are aided by the Inti^tlve 
geometry of liner. Two lines either intersect in exactly one point or they 
are parallej=. If the lines giveh by the system Inter sect j then the point of 
U^er section must have coordinates satisfying botli equations of the system j 
and this ordered pair is the solution of the sentence* ThuSj the problem is 
one of finding two lines through this point of Intersection whQse equations 
are the md%t- pimple; najnely^ a vertical line and a horizontal line. All methods 
of solving nuch systems nre actually, procedures for finding these two lines. 

Our purpfose here is to derive a method for solving a system of equations 



(A ^ 0 or B D / 0 or E ^ Q, 

Dx H Ey + P 0 i , ; . ^ 



Ax + By f C - 0 

^ u or i5 ^ju; u ^ u or m ^ 

on the as sumption that this Liystem has exactly one ordered pair^.of real numbers 
as its solution. We think of the individual clauses of the system as equations 
of lines tmd tiy to find &t vertical line and a horizontal line which pass 
through the point cormnon to Uil n fidst pair of lines* . If these new lines have 
sequatlons "x - a'' and '''y v b''^ then (ajb) Is the solution of our system, . 
The lines of the system W Ax + By + C = 0 ' ^ 

+ Ey 4- F - 0 



i Ax 
t IJx 



have exactly one point, in coninion' if njid »only if 'they ore ^ neither parallel nor 



coinelaant* We kiiow that two llnee are parallel or qolncldent If and only if 
they are both vertical or both have the iame slope* Putting these statementi 
together we can say that the lines of the above system have exactly one polht 
■ in conroDn If and only if i ^ 

B ^ E 



B ^ 0 and E ^ 0 (neither line^'ls vertical), 'and - ^ |^ ^ £ (the 



, lines are not parallel or identical)] . ' • 

One of the numbers B and E is 0 and the other is not (one 
line is vertical and the other is net). 

A veiy acute student may inquire how^hese conditions affect the method 

for solving linear systems whlcH is given in the text* He may wonder why, for 

exaraple, we are always able to select pixoper multipliers r and s which 

yield eqi^tlons of horizontal and vertical lines through the point coraiwn to 

the given lines, if there ^ exactly one point. The relatifi^ between the 

algebraic solution process .and the geometiy depends on the following theorems 

f 

Theorem* The lines of the^ system ^ 

W Ax + By + C ^ 0 (where A, B are not both / 0 
.Idx + %+ F^O and Dj E are' not both 0,) 

are parallel or coincident if and only if there '«xist real 
numbers r and s,^ not both zero^ such that ^ ^ 

rA +jsD ^ 0 and rB + sE ^ 0. 

Frdof: Let us. prove f l2"St that if the lines* are parallel or ^coincident, 

then there exist numbers r and s^ not both zero, such that 

rA + sD ^ 0 and rB + sE 0. There are two cases* Mther the 

lines are vertical, oi" they have the same slope. If they are 

vertical, then ■ ■ 

B 0, K ^ 0, A ^ 0, D 0, ' ' ^ .-^ ■ ^ 

and we may choose r ^ -D and a - A so that 

rA -H sD ^ ( -D)A + AI) - 0 and rB + sE ^ r *0 + s '0 = ^0, 

A i) 

If the lines have the same slope^ then* - j s " E^ that? is, 
^ ^ (B ^ '0 ond K to.) In this case v/e may^ choose r = -E/ 



Then' rA + sD ^ (--)A + BD - 0 from the equslity of and 
* _ 4 ' ' ' t ■ 

rB + sE ( -i'OB- + B(E) ^ 0. 



Conversely J lot us ■issumo thnt thero exist real numbers r 
nnd s, not both r.crOj such that rA + sD - 0 and rB + sE - 0* 
We need to show that the llnei's "^jre parriilei or coincident* Since 
I' ^ and s are not both 0, let u.s suppose r ^ 0. 



If an ordered pair satleflei 

Ax + , + C ^ 0 



/ Ax + , + C - 0 
' I lie + ^ + F ^ 0 



than it satisfies ' 

r(Ax + ^ + C) + s(Dk + Ey + f) = Q, (l) 

Since rA + eD ^ 0 mnd rB + sE ^ 0^ 'by our assui^tion, than 
equation (l) becomee ^ 

rC + sF - 0* I (2) 

If (2) Is false^ then no ordered ^pair satisfies the s^etemj that ie^ 
the lines are parallel, 

I If (2) is true^ then since r ^ 0 ve have 

= Id = A • ' 



^1 - B 
r 



That is^ Ax + Bjr C ^ 0 and. + 1^ + F ^ 0 are #quivalent 
equations J and every poiit which Ilei 'on one line Ilep on the other 
as well. In this case^ the two lines coincide, ^ 



) 



This theorem allows us to Justify the inethod of the text, ; Suppose we 
wish to solve ^ i 

Ax + By + C - 0 i 
Irx + Ey + F ^ 0 ^ ' ^ 

where A and B are not both 0 and C and D are no^ "both; 0^ ajid wh^e 
the two lines hpve exactly one point in contnon* Let us suppose A f 0 or 
.D ^ 0* We take r - D, s - ^A* 

D(Ax + % 4- c) ^ A(lSc H % + F) s 0 

is Bn equation in which the coefficient of x is clearly 0, However^ the 
coefficient of y is not since if- DB - AF = ^ we would have both 

rA + sD s 0 and rB + sE = 0 in violation of our thegrem* 

■ " Similarly J ^if B / 0 or E ^ 0^ can obtain an equation ^n which the 

■coefficient of y is 0 but the coefficient of x is 0. 

llie caoefi where A njid D iire both 0^ or E ryid F are both 0^ 
c on e a"B^^" be nee ri to 1 n v o 1 v e p rir n,l 1 e 1 1 i n e s * . . 
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. We ^ rjpt «3^ect students -tp follow an e^ositidn of this leiigth* However^ 
we hope they will understand that when we have two equations for which the 
lines he^e one and only one point in common^ then we can write aA^ e_gulvalent 
eyetem for which the solution^ is obvious • 

' -The use of the form r(to + By + C) + s(ac + ^ + f) ^ 0 en^hasizea the 
idea of what is sometlmee called the ''addition" method, or the ."elimination" 
method. Once etudents have underetood this idea, they are encouraged to use 
the more cuetomea'y form in writing up their solutions. 

In Scions 22-1 and 22-2 we concenjbrate on the case where the given lines. * 
are neither parallel nor coincident • 

22-3* Parmllel and Co indent Lines i Solution "by Substitution 
We discuss systems of the form 

. W Ax + By + C^^ 0 ^ ^ ^ ^ F, C / 0 or F ^ 0 

= ( Mbc + kftr + F s 0 

It is pointed out that the lines of this system ore paj'allel^ since they have 
the sairie slope hut have different y- intercepts. Tlie student is led to see 
that the methods of the preceding sections ^ if applied to this system^ will 
result in the (false) numerical sentence .^kC - F ^ 0 (k ^ 0, C / 0 or F ^ O) , 
Oh the other hajid^ if the lines had some point in common^ = then kC - F s 0 
would have to be true, ^usj both geometric considerations and our algebraic 
techniques enable us to see that the truth set of the system is 0. 
SlfTiilai^lyj ■ the graph of a system oT the form 

I Ax + % + C . 0 B ^ 0, k / 0, C ^ 0 

• ^ ) KAx i- kBy h kCJ --^ 0 

consists of a single line (the "two" lines have the same slope and same 

y- intercept ) , The algebraic procedures oi' Section 22-1 aiid 22-2 lead to the 

(tjn_io) raimericnl sentence 0 ^ 0, 

In order to decide^ before attempting to solve the system^ whether two 
given lines ai'e parallel or coincident^ it is convenient to rind "the slope of 
enc'h* llij fi idea Ic^oly us to write each e'luution in y-form, 

^ , y n m . X ^ b 



y 



It' m^ m,, trnd b.^ / b^^_ ^ the lines ar^e pnrallel. If m^ ^ m^, ajid 
1'..^ thfj linen 'ire coincident. If m / m.-^^ the^irithe lineg*hove a 
:c point or inteDection (c^d). In thU: Intter cnse ^d- f -m^ c '^^'b^ and 



^0, 
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d ^ m^c + are both true sentances. To determine c, we arpie that 

m^c + and m^Q ^ are both names for dj hence, m^c + b^ a i^c + bg 
and ve may iolve this equation for This discussion leads, then, In a 

nat\ir^ way^ to the solution of a ^stem of linear equations By the ^*subitltu- 
tion^* method. « 

Obvlouely, the argument above falls if one. of the lines is vertical and 
therefore has no y-form. This fecial case is discussed in Items 63-7I* 
Finally, we point'out that, even if neither line Is vertical, It is sometimes 
convenient to solve one or both equations for x rather than for y. 

Systems of Inequalities 

We have, throughout thii^^urse^ treated mjgualltiee along with equatldSa* 
It is natural, then, to exmlne systems of linear inequalities in this chapter* 
Our technique of salving such a system is, of course, graphical p The material 
of this section provides a sound elementary Intrpductlon to linear progrmiflg 
and to the study of convex sets, 



Review 
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' Chapter 23 

GRAraS OF QUADMTIC POLYNOKALS 

* i ■ 

23-1. ^ayhs of Equations of the^ Form y = ax + k 

23-2. Qr^he of Equations of the Form y ^ a(x ^ h) + k ^ ^ 

2 

' m±B chapter deals with graphing polynomials of the forrp mx + hx + c, 
Thm algebraic techniques for^^TOrking vlth such pdlynomlals haVe him developed 
In Chapter 1?, Students who need review at this point should^he^ef erred to 
the relevant portions of Qiapter 17, 

Students who have mastered the process of completing the square should 
find It #asy to rm^rlte the equation y ^ ax + bx + e In the equivalent form 

y ^ a(x - h)" + k. lliey should* also be able to recognize that the graph of 

2 - 

this equation represents a translation of .the equation y ^ ax , In order to 

2 ^ 2 

obtain the graph of y ^ a(x - h)" + k, vm move the graph of y ^ ax 

^ |h| units to the right if h is positive; or s 

^ |h] units to the left if h is negativej 

and we move it 

V t 

|kj Tinits up if k^ is positive; 
|k| units down if k is negative. 

Little would be gained by requiring memorization of this rule. In later 
courses the student will become familiar vath the coneept of directed distance^ 
which will enable him to formulate the procediire more easily^ end he will ftudy 
in more detail the idea of trBjislatlon. FalthfLil to the . idea of the spiral 
curriculum^ we feel it appropriate ^ to limit the objectives here to: 

1. Some intuitive feeling for the situation, 

2p A recognition that the ideo, of \'moving-' one graph to obtain ajiother 
•> carries with it the explicit idea of a particulGir correspondenae 

(actually^ a one-to-one "oorrespondence) between the points of one 
. graph aftd those of the other* 

In actually ^ graphing y - a(x^- h)^ + k, , we would prefer thot the student 
locate the vertex by using its property of being the "highest" point on the 
curve (if a < O) or the "lowest" (if a > 0), 

This method exerr^lifies aMiiajor objective-^ that of gaining some under^ 
standing of how an algebraic property^ of an equation is related to a geom.etrlc 
observation about a curve. 
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23-3. ^adratlc Polynomial a of the Form y s ax~ + bx + c 

The itudent has already solved quadratic equations by con^leting the 
equare. Some reteachir^ and reinforcement may be needed here. ^-Ihe relation- 

ship between an algebraie statement-^-the solution aet of ax" + bx + c is' 0- = 

2 

and a geometric one- -the parabola y =^ ax + bx + c does not intersect the 
x^axls-= supplies ajiother Instance of the point of view we want to stress* 

Ihis section uses a ni^ber of ideas that have been developed seller, 
Ihe teacher who is pressed for time may wish to work through a few selected,- 
examples as a cumulative review an^ as an illustration of the way in "v^ich 
several ideas can be combined* If a choice must be made^ it would be better 
to leave this chapter before mastery is gained than to omit the next one* 

23^^^ Eummai^ and Review 
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^.Chapter 2k 

_ k ^ 

IWCTIONS 

concept of functions Is basic to mathematics ^ In much the same way , 
that the set conc^t is hasic* It Is in^llcl€ in many things the student has 
EL^eady flone^ not only in mathematics hut in other subjects. He probably has 
seen in social studies, for|exM^lej tables associating with each year the 
population of a certain city for that year!. 



2k^l, The Rmctlon Concept ^ " ' | 

We Bw^ that ve have a function >^en veihave a rule for associating with 
each number of a certa^ set of numbers (the domain) exactly one number of a 
second set (the range). « 

According to this definition^ the domain and range are sets of real numbers^ 
since a "number''^ for puiposes of this course, is a real number. In later 
course e the student will meet fuiictlons in which the domain and range are sets 
other than real niimbers. Such a function might, for exainple, have sets of 
points In the plane as its domain of definition. As an illustration^ -associate 
with each point (x,y) of the plane the abscissa x of '^he point. ^ In this 
case the domain'' is the set of all p31ntG of the plane and the range is the set ■ 
'of all real numbers. If we associate with each point (x,y) of the plane ^ the 
point (-x,y), the result is a function with both domain and range the seCof^ 
all points in the plane, 

In the discussion about fimctlons^ it is in^ortent^ to emphasize at every 
opportunity the following points: ^' 

1, To each number In the domain of definition, the function assigns one 

only one number from the range. In other words, we do not have 
"multiple-valued" functions * However, the s^e number- of the range 
can be a,s signed to many diffei'ent elements of the domain, 

2. The essential idea of fiinction Is found in the actual association 
from numbers in the domain to numbers in the range and not in the 

- partioulf,ir way in which the association happens to be described*- ' 

3- Not £l11 functions cnn be reprecented by oJgebraic expressions* 

2U^2, The Function Notation 

The examples in thin section provide opportujilties for emphagasing further 
th e th r e e points listed ab o v e . 
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students should understand that in particuliu* the eame funGtion can he 
deicribtd in many w^s. Two deBcrlptlons lea4 to the same function ^enever 
(1) the same set of nuidsers Is the domain of both] (s) with each element of 
the ^main the same numher is alsociated, NQtlce that t^ functions are 
different when they have different domains, even though the same algehraic 
sentence m^ be involved In the description of both* 

/ 

2^-3, Graph of Functions . / ^ 

Let us consider a set of ordered pairs ^ such ihat no two elements of the 
set 'have the same first number. Such a set of ordered pairs describes a 
function* Ibg first nupibers which occur in the pairsjof the set are the 
elements of the domain^of the function, ^ For Wwdefed pair (a^b) In our set 
a is an element of the ctomain, and b is the nmber associated with a, 
Nstice that in order that our set of ordered pairs describe a function, it is 
essential that it not contain two pairs with the same first number* We would 
not have a function If two different numbers were asspciated with the same 
element of the domain* 

On the other hond, if wl have a function^ then we can always consider the 
set of ordered pairs (a^b)" in whj.ch a is ati element of .the domain and b 
the number 'associated with a by the function. 

Since every set of ordered pairs corresponds to a set of points^ every 
function has a graph- namely, the graph of the set of ordered pairs* 

riotice porticula^ly that the graph of a function cannot contain two dif- 
ferent points with the Game abscissa. 

Ihe relation between fynctlons rdjid certain kinds of sets of ordered pairs 
Ie: very closer as we ^ee* Indeed^ we mif:ht have defined a function as a get of 
ordered pairs of numbers sucli tliat no two elements have the same first number* 

24-4^ Lineal" and '^adjotle Pun^^tions q 

ITie Gtiuient i:; llke|y to ^ encounter the terms "direct variation" and 
"inverse variation*^ as; well as the phrase "y is a function of x" , From a 
strictly log teal point of viev^ ve could avoid such usages ^ but we have pre- 
feri'ed to note the w*l^- in vra-l; they con be interpreted in terms of our defi- 
nition. 

2^^5* Gummary anJ re\^ew 
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Supplemgnt a^y References 



HiQh interest has 'been expressed in supplementary reading material in 
mathematics for the piiiT>ose of referenoe^ enriehment^ motivation of Interest 
In mathematics, and in materials that may challenge the "better students. Access 
to such inaterieJ.s has not alws^s been easy, and when such reading matter was 
available, it was incuj^ent upon the good teacher to direct relevant literature 
of the aroroprlate level to the student's attention* 

^e following list of references for the ninth grade student Is offered** 
to help relieve the teacher of this somewhat onerous task* It draws on the 
volumes of the NEW MTmiATICAL LIBRARY which is a series'of e^osltory 

monographs -produced by the School Mathematics Study Group and aimedjat the level 
of maturity of the secondary school pupil. Ttie detailed references 'are by no 
means complete, hut we hope that they will serve to suggest procedures which 
will he helpful in whetting appetites for mart^hematical inquiry* 



YOWmB OF TKE IJEW mTffiM/iTlCAL LIBRAR!Y TO ^TE 

Volinne Author arid Title 

1 ' Nivens Ivan 

mmmsi rational mw irratioml 

2 Sawyer^ W, W. 

WHAT IS CALCULLJS ABOUT? 

J / Beckenhach, anH R, Eell?nan ^ 

M IlJThODUCTIOi: TO IIEQUATITTEL: 

\ 

4 Kasarinoff, II. D. 

GEOMETRIC IIIEQUALITIE3 

Saikirid, C. T. 

THE CONT^T PR0ELE:4 BOOK. 

THE LORE OF lJ^lrGE iR^^^lLrj-.; 

V^IZZ OR IIu-TRITi: 
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Yoliaai ^ ' / " Author and Title 

Ed^rac IMTSFbRMAnORS 

lOlSf^ CD," 

CONTINUE FACTIONS 

" 10 Ore^ Ostein 

GRtf HS MD nffira USES 

11 ' HUNGAKLAN^^raOBIffl KOK I 

12 HUKGARIAN PROBI^H BOOK II 

13 Aaboe^ Asger - 

^ISOmS FROM mffi EARLY miSTORY OF MAmffiMAUCS 

' 1^ Grossman^ I. and W. Magnus 

GROUPS ATO^TIffilB GRAPHS 

Following each topic listed telow is a set of number pairs euch as (l ^ 3) 
The first numeral refers to the voluine in the series j and the second^ in moet 
caseSj to the chapter in that volume. Thus^ (l ^'3) refers to Volime 1^ 
Chapter 3* In th© case of^ Volume 6^ which. is divided hy section instead of 
"by chapter^ the second numeral refers to the section specified. Volmies 11 
and 12 are collections of prohlems of the Eotvds Con^etitions for thje years 
189^^^ through 1928. These <ire printed in chronological order. For these^ the 
reference (11 ^ 1899/3)/ fQi' exan^jlej indicates Volume 11^ ^oblem 3^ of the 
1899 competition . Those references which we consider to he challeriging foi^ 
the average ninth grader have an asterisk to the laft of the reference designa- 
tion; we leave It to the diacretion of the teacher to/decide wheth^ the 
reference is app r opr i at e f o t h o p ar t i cu 1 ar ^ s tude nt / / ■ 

Topic / References 

Approximation (6 , lO)^ (6 _^4l), (6 , 12)^ (12 ^ 1928/1) 

Approximation to ("f , 2) ^ 

Computing machine a (6 ^ l5 

Eqiii valence relation '(10^^, // 
Graphs 

Graphical rcpreijentation 

of velocity - (2 , 
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Oriphi (eo&tlnued) 

* toaphi of Inequfllltits ^ (3 , 3) 

Bldpm of, m cmr^m '(2,6) , ^ 

Identity mlimmnt (l ^ l) ^ * 

Inequalitlefl (l , 3)^ (3 , l)^ (3 , £)/ (3 3)^ ' 

. (12 , 1907/s), (12 , 1913/1) . 

^langle inequality ' (3^3). ' ■ ^ 

Idnear equations (6 ^ 22) ^ . 

Hetworki (t^ol^) (lO , l), (10 , 2) ' > 

Numbera Mid nmbar systems^ 

Babyloniaji mmher systeTn (13 ^ l) . ' ' 

Binary iystem (6 ^ k) 

Decimal representation (1 , 2), (l , 3)^ (12 ^ 1907/3 )^ (l2 ^ 1917/2 

(12 , 19^/2), (12 / 1927/2) 

Periodic decimris (1^2) . ,4 

Positional notation , (l2 , 19^/2) ^ 

Real iiiui^re (l ^ 3) 

Irramonal numbers (l ^ 3)^ *(l j ^0 • ^. 

Rational numbers (1,2), *(l ^ ^) - 

Real number line (l , 3) 

Number theory ^ . / 

CoTT^osite numbers (6 , 20j ^ * 

Congruence modulo p *(6 , £l) , *(ll , 1898/1) 

^visibility *(11 , 1899/3). (12 , 1908/1), (12 , 1911/3). 

^ (12 , 1923/1) 
Divisibility criteria (6 j 20 ) 
Natural numbers and integers (l , l), (12 , I906/3), -^(12 , 1913/1)^ 

(12 , 1926/2) 
Normal numbers (6 , 18) 

"Perfect numberG (6 , 20) , (^11 , I9O3/1) 

Primes * (l , l), (l , Append A), (6 , 20), 

(12 , 1923/3), (13 ,2)^ 
Tri^gulai"' numbers (6 , 20) / 

Unique factorization (l , Append B) / 

' (6 , 19) 

Pigeonhole principle (12 , 1906/3), (12 , I907/3). (l£ , I925/I),, 

(12 , 1923/1) 
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ft*^frtlei of numbers 

Aesoclatlve prop^ty 

Coionutative property 
Digtrlbutive property 

Qaadjatic equations 

T^ics from physics 
Acceleration 
Constant speed. 
Instantaneous velocity 
Scientific notation 
Varying speed 

Unique factorization 



(1,1) 

(1 , 1), (1 , a), (1 , k) V 

.(1 , 1) 
ii\ 1) 

(1 , 2) ♦ 

-(11 , 1896/2), *(ii , 1899/2) 
, 7) - 



'1 , Append. B) 



ERIC 



1^3 



95 



A 



BtjGOESTED_ TEST ,IT^p 

The followlne BuggeBted test items for each chftpter are provided as 
sM^lee of appropriate questions on the. goalE of the chapter, rather than as 

a complete test. ^ 

Addltionaa test jffemo cm be found In the Teauher's Coinmentary for th^ 
First Course in Algeja. Page references for these will he given for eaoh4 
eha^tar^ using the rorm: ^= . « " 

T,C,, 9fs pm^c 16-18, Items 1-11. 

_ # - 

Chapter 1. SETS AND THE mM,m LINE * ' 

Jrue - Falge ! 

-1. ' The set of countlne numberB Is a subset of the set of whole numhers. _ 

2. The set of whole nunibers is a oubse't of the set of rational numbers. 

3. The -set of countinc number, in a subset of the set of rational numbers. 
The set of rational numbers is a mbsat of the set^countlns numbers. 
Let S = C0,1). Then B, -is tjioscd under the operation of forming^all 
possible sums of pairs of elements (includ Inr the sum^of an element and 
itself). 

6. A line is an infinite set of points. 



7. 



Vfc assume that every point on the number line to the fight of the point 
with coordinate 0 has u .oor;hmto which is a rational number. 
'The s^t of point, on tho nunib.i^ lino ^-Mon the point with aoordinete 
*id the point with .ooruinate =^ is an-lnflnite set. 
Thcrf/-:ai^ inrinit.:^;/ rnou;y countinc nurnbers betw 0 and 1000. 



MLatl|»|pV.pK:3i'^'' 



10. WtiU^h 01' t.h- 

10 

11, Wlii'jh oV -M^. 



Ion "I 



o 



13. * Jtot im the s^t^pf ^ole numbej*i and let N be the set of counting 

numhere* Of these eete* the numher 0 is an element of 

a« W only * N only c. ' Both W and- N d* - Nglther W^nor 

14. Let p - [0^11 ^ stfid let S ^ {£^3]^ ^^len EnS is 

a* 0 / b. 0 ^ c, [0] d, MO, 1,2, 3) 

15. N^ich of the folldwifag is arj infinite set? 

^ % 
a- [3j6j9^^-»; 3WO3 G. TOe set. of grains of wheat grown 

' ^ . ' in the United states diaring 1962. 

• / (■ # 

16. Wiich of the following is a correct way to write set of all even 

whole ninnbers"? - ' 

a. {2,k)6fi, c. tO,e,lf,6,8,] 



b. [0,2,ii,6, I d, {S,ft,6 



6^0] 



17. .Which of the following is a correct way to write "the en^ty set"? 

a, 0 ^ b. (0) . c. 0 d. [0] 

18. Given the ^following sets: - ^ ' ^ 

_ _ "\ . . 

D: ' Ilie set of all counting numberB less than 5.' • 

E: The set of all whole numbers greater than 2. 

F; The set tl,2,3;if]., ^ ^ - 

4 

Which of the following statements is true? ' ' ' 



a* D Is a subset of E, d, E is a subset of 

b, 

c^, is a subset of E 



b, E 4s a subset of D. e, D and F ar^'the *siine set. 



ly. Let' B = {1,^^3). Which of the following statements is not true,? ^ 
a. R^---J=£' a subset of ^the set of counting numbers. 



b, R /is a subset of R. 
G.^ The empty set is a-s^ubset of B, 
d. R is a subset of the empty set. 
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B# ^ and 



- 21 , 



IE 



. ~ 17 , 19 • 
12 12 



d. M and S 

20 20 



21. The iet of pec^le of the ttiited States 
people of WaaMiigtQri^ DsC* 

22* Let T ^ {2^20^28^36} and let R m (0^2^U^6^ J. aen T 
a guhset of R. 



(ig^ls not} 



a eu'bset of the ect bf 



'(ie.ie not) 



23- Let U be the set of all odd lAiole numbers which are greater than 100* 



^ In set notation U 



' A amber aBsoclated with a point on the number lineal s called the 

point. 



^ . to the nuniier line the point with coordinate Im to thi 

; ' ; " 129 ^ J \ 

- of the point with -coordinate -^g- « 



(right, left) 



l^amber line i ^ ^ ' ' 

DIMICTIONSf ""^estions 26^28, Refer to the number line' and the . 

- information given below. Then match the ^points with the 
corresponding coordinates. 



,1 M 1- 1 i 



1 Q 



S 



.Points Pj Qj Sj and T are shown on the niuu'ber line above. The 
coordinatos of Q, B, and T are among the members -of the set 



,7 3 5 9 15 15, 
B> H' B> 3"' -W 



26, The lOOordlriate af 



' The coprdinatei of S is 

28. The coordinate of 
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(to tha i^^er line show the gnj^h of the set of ■ counting srombers Isatroen 
^ . 4 and 4. V ' 

* ... r . * 

30. On th# nmber line shoy "ttie graph of the ^ set of whole numbers less th^ 3 

■ - a* • • . % 

' S ■' '' ' ' " " ■ ^ 

X 

DHECTIONSi QueBtlo^i 31-3^. Match the sets. In Colimn A^vith ^he 
* ' corFespondlr^ graphs in'Oolunin B* ^ " , 

i 



Column A - ^ « " Colmn B 



31* nia set of counting numbere less a* 4 - 4 ^ ' ^ 

than. 2. . ^ . - ^ 0 1 V. 2 3 ' 

_ / y ^ * 

32. 2he set of numhers in b* 4 4 - - " H 

{0,1,2] rT(0,l]* ^ . ; 0^ 1 2 3 ^ 



33* ^ ^e set of numhprs in c 
W,1.2]UtO,l].^ 

3^^, The set of whole numbers between 4 — 



0 and *3* 



0 1 2 ^3 

M 4 - I ■ i 

0 1 S 3 



35* Whleh of the following Is illustrated by the diagram below? 



0 1 £ 3 ^ 5 6 "7 



.a. ^2 X (S + 2) b, 2 )4 3 c . 3 X 3^ d. £ K 2 x S 

7)' 

36, - Miich of the following is Illustrated by the dl^rajn below? 





-4— 


=+- 






— 


1 J 


0 


1 






k 


5 < 


S . 7 



5 + 7 - -b. 5 + 2 , c. g4 5 d. 2 + 7 



Aisoj see T.C., W'; pages I6-I8, ItemB 1-11. 



J ...... /■ ;^ 



1. AdUtlon ud multiplication ere htnaxy Qperat'ions, 

2. A gymbe?! fpr an operatiQii ie 1. numeral. ' j 
3* A given aaiEiAral ma^' rapresent. several ^numbers p 

'k, A glYen n^iter may be rejreaented by several numeral Bp 

5, ^13 I 1^^ ^^ name ^ for the nuHiber 2. . - . I 



6. 5(1 + 1) - 5 + 1 

7. iS^ . 12 ^r. 



I 



Matching: , " ' • , 

DteECTIONS: Questions 8-I3, Select the property that is- 

illustrated- by the exan^le. A pro^rty may be 



selected more then once. 



/. Eican^le . - Property - . 

-1111 

8* ^ + 2= ^ + ^ a* Associi-tlve property of 

' * addition 

9, (If + 5) + (8 ^ 2) ^ (8 + .2) + (U + 5) "b, Associatrye property of ^ 

imiltipll cation 

ID, (5 X T) X 2^ 5 X (7 K S) c. Commutative property of 

% ' addition 

11^ (|" + ^) + ^ = ^ + + g^) Comrnutative property of 

" , multiplication 

12. (5x2) + (3 x"£) ^^x^(5 + 3) (2) e. Distributive property 

j 

13, 5 K £,b = 2,b X 5 

DIRECTIONS: Questions lU-=17. Rateh the items in Column B with the 
correcporitl ing item:: in Column A. 
Column A . ' - " Column B 

1^. 2 + 5 - 7 , a* Ifumerleal phrase for the number 22 

15* 5 + A - 7 ' b. ^ tn.ie sentence 

16, (30)(5)' - c. Indicated product 

17^ 18 +4 d. A false. sentence 

Commutative property of addition 
9^' 



MO 




Matiple CholGt : . . , ^ , j ; ^ 

^leat the trua santeneti - - ^ % ^ ^ < 

b. + |)(28) . |(28) + I ■ d.' (| + |)(2a) ='7| ■ . . 

like ea^resiion ^^^^ Indlcatei ^ ' 

a*; ■ Eie ^otlent of the nrai^erg ^ x 5 and ^ ; = 

' The quotient the wmbmTB 2(5 + 3.) and - " 

a» Ihe sum, of the nimher.e ^2x5 'and ^ 
d* Ihe Eum .of the mmbere i amd 3 , 

20'. 5f ''^ihe diitributive pTO^rfcy** ve mean "the, distributive pr^sr^ 

- a* of addition over maltiplication" , of, mltlplication ovir additiorf-. 

51. Given the sentences: 
' . ^ ^ 3(n + U) - Sn, + U . Ill, 3(n + il) ^ (n + 

ir. 3n + i+ - + 3n " IV. 3(n ^ h) ^ 3n +, 12 

For, n pny number 'of ^ithmetic^ the following are true: 

a. I and II only c. II and IV only 

. II and III only d, ^ II, I II, = and IV ' , 

\ 

22. Given the gentencesf ^ ^ " 

. , I. n + 3 ^ 5 + n 

II,. (ti -H 3) + 5 ^ n + (3 + 5) 
III, 5(n + 3) = 5n + 3 . 

If n is zero^ then the following is true 

a.' I only^' II only c. III.^ only \ d. Both II and III 
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= - Oottgiletloa ; ^ 

f3t ?r tba WstJltatlv^ property 




ributive prDperfy 



Usa the dlstritutlve property to egress the numerical phraee ^5(y + ^) 
a& an ttidleatai sto,^ ^ ^ . 

26* Use the Retributive property to express the phraee y(l8) j(l7) m 
an Indicated product, 



27- Insert parentheses to m^e a true statement* 

6 + 13 x3 ^ m 



Finding '^mBon K^es for Numbers: . 

4 * 

^^-^ DraECOTONSj Questions 28^31, Find the cQmon name of each of the \ 

' ^ - followir^. Hint : If you use the .properties of^Mition 

and mltipliGEtion^ you m^ be able to wlte tfie answer 

at sight, " 



/ 



28. (7)(13)(y) - V r 

29. (|)(57) + (9§)(57) - ) 4 

30. 6| + £0 + g| + 18 = f"""' 

5 -5 — — — 

3UX lS(f . 3) „ 

DIRECnONS: ^Questions 32-3l4=, Find the common nMie or each of 
^he following* 

32* ^~ when a is 5 and b is 4* 

33. c(a + b) when a is 3^ b is 2j c is 5, 

3^. (a + b)(c + d) ^en a is 2^ b is l', c is 3^ d is 



( 



Also, Gee yF, p^es l4=0-U2, ^'^ems l^l6\ 

96 y 
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Chapter 3. S£cri^C^ 





* > — ■ , 
True-Falie : 


1 ' ' ' " 




1. 


2(J+ 5) < 


2(3) + 5 




2. 


(7 - 2)3 < 




* 


3. 


(1 + 2)(2 + 3) < 3(5) " 




Ij..- 

5. 


5 + 3 >8 

5 ".3 + 2 


W 5 > U + 3 


* 


6. 


5 = 3 + 2 


^ 5 > i+ + 3 




7. 


7 >3 + 1 


and 14= < 2 + 3 




8.- 


.7 < 5 + i 


QT .k + 1 < 2 + 3 






Co^letion: 


f 





'9. The truth set of m open sentence is a subset of the of the 

variable, ^ ' . 

10. ^e graph of a sentence is a graph of -the _[ - . ■ > of the Sentancr 

11. The sentence "3 < n < 5" be read "nw^ 3 ^ ^ 

(and^or) 

12. Write an open sentence whose truth set is graphed helows 

-H=^- — \ N^. ^ 



.0 1 2 ^ 3 t 5 6 



13. Given the formula F ^ fc + 32, if C is ^4^5^. then F is 



Multiple Gholcei 

, l^t .Given, the oentencep- 

I. ix^* 1 - ^ ^ II* 1+t + 6 < 22 

^ ' " Then [h] is the tmith set of V ^ * / 

L but not II • ' c. Both ^ I ^ani.^'ll 

d. Neither I nor II 



97 



, /15« ^^fc^ ©p^ s©nt#nce "f < has 'Uie asme truth set' ai 



1 



F 



ft*, <'10/ and p =^10 c, p < 10 or p ^ 10 ^ 

^, ' p > lp* and p ^ 10 ^ d, p > 10 or p = 10 



, : l6. tte^opin Sentence , "t ^: 6" has the aame truth ^set* ai 

" a, . t < 6^ and t-6 ^ - c. t<6 dr t = 6 

h. t > 6 and t ^ 6 ' d* t ^ 6 or t ^ 6 



rinding Truth Sets 



If the domain of the variable Is the set {0^1^2,^33^^ find the truth eet 
of each open ssntence, - 

17. y + 5 < 7 

18: t ^ 2 * ^ , 

19^. 3t + 2 - 3 

i 

V 

Find the truth lat Qf "^each of ^the following open sentencij 

20. t + 3 = 3 + t , 

21, 2x + 3 U 
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^estloni 2^-a8. Select the correct gr&ph for each 
'Open sejptenceV The dpmadn of the variable Is tha set, 
of all numbers of arithmetic * « 





x" 3 


,or 






35. 


t < 3 


and 


' t <k 












h. 


26. 


t < 3 


and 


t >% * 




.27. 


X < 3 


or ' 


■y < k 






s 


c. 


26. 


y < ,3 


or 


y > W 


















r 







DIRECTIONS: 



4- 



1 



H — - I I 



23k 

(graph of 0) 



' If 



4- h 



• 2 



Questions 29-31. Select the correct truth set for t: 
given sentence p Hie domain of the variable is the set 
of all numhers of arithmetic. 



Sentence g 

29. 5x < 25 

30. y + 3 > 8 

31. y + 3 ?^ 8 

Rawing Graphs : 
DIRECTIONS: 

) 

32* 3P - £ - ^ 
33^ 2t + 5 ^ 11 
-S k. X < 



l^th Set ^ 

Ihe set of all numbers of ai'ithmetic except 5 
The set of all numbers of arithmetic. less thBn 5 
The set^ofWll numbers of arithmetic greater than 

I 



/ 



Queitions 32- 3^* Drm the graph of the tinith set of 
each of the following* Tlie domain of the vai^iable is 
the set of all numbers of arithmetic . 



Also, see T.C.^ 9F, pages 69^72, Itemo I-I6. 
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If 787 + (13 - 13) > 787 

i 2. 787(13 - 13) < 787 . 

3, 5(0) ^-0 m| 5+0*0 
5(0).^ 5 £2 .5 + 0 - 5 

' 7 . 

'6, 7(3c + 3)f < 7x + 3 

8. 3t <f ii^x + 5x 4- &t ^ 5t +*7x 



' 9* Since th^ si^f^f any number n and zero is equal to n"^ zero is ealO^d' ^ 



the element for addition, 

10* Th^ Kfliltipllcation property of "1 may] he used to write 

i 

- • 2 = 2( ) .21 . 

9 9 ■• 72 

11, The common name for is * • 



15 



12* The distributive property may be used to wite 

^ ' (x + 3)(x + 7) ^ (x + 3) + tx + 3) ' ^ 

The sentence 3-^5^5 + 3 is not true, ^is shows that the _____ 
property does ifot hold for division. . 

1^. We are assured that the phras^ (^OCo) names the niimher 0 because of 
the property of 



\ 
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15, -*ttt^ truth Bmt'Qf the sentence t(t - t),- t la 

s a, Itei sat of aU numbers of arltlrotlc c* 0 • . 

^ h. The set of mil -whol^ numbers , d* {0) 

16. Let R - {0, |, 1)* and S *^ {|, |, |, |, |, . mich of theae Is(are) 
^loeed under the operation of fornd.ng ^1 possi'ble ^^^mS of pairs of ^ 

elements (including the sum of yi element and Ite^f^t - ^ 

a. R only b. S only c, \^th R and S d* Neither R nor S 

4 ^ - • " - ' ■ 

17* ^Consider the sentences ' ^ ^-^ r ^ 

^ ' % I. (3 + x)^- 3y xy 

, " II. X + (5 ^ .y 

Wilch 0^ these ls(4re) true for eve^^alue of the variables? 

I only Vb. II only c* Both 'I II d. Neither I nor II 



18, If thp ^properties of addition 'and rmiltipllGatiori are used^ the open 



phrase 7x + 3y + 5y + x can be v^itten as 

a. Tx + 8y ^ c. 8x + 8y 

* b, Tx^ + 8y ■ d. 8x^ + 8y^ 



19- If -the properties of operatioris are used^ ky + 6(x y) can be vrltten aA 

* a^ 6x + 5y . c. 6x +^ 3^ 

b. 6x + IQy * _ d, lOx + IQy . ^ 



20. 



If ^t^praperties of operations ere used^ (S + x)(5 + x) can be writien 
as the indijaated sum * ' . •/ 

a, 10 + . G. 10 + 5x + X 

b, 10 2x + x^ ' ^ d,- 10 4^ 7x + X- 

21* If the diBtributive property is used^ the indlcatea sum xy + xy can 
be written as the indicated product ^ ^ 

a. . (xy + l)Ky~ xy^l + y^) 

■ b. xy(l + y) ad. xy(l + xy^) ^ 
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DERlCTIONBf Questions 22*26. Saleet .the property that is Illustrated 
%y the exa^le, ^ 







& + (Jx Syjl 


23. 


at + (5x + 5y) » 


(ac + 5x) ( 5y 




(pt-t 5x1'+ 5y = 


(2 + 5^x + 5y 


s. 






26. 


i(hb) = (| X h)b 











Ei AsSQiCiatlve property of addition^ 

Associative property of 
iimltiplication 

c * Comniuf ative property of addition 

Coimnutative property of ? 
nniltlpjicatlon ^ 

e. Multiplication property of 1 
f p Distributive property 



Uig of ft*opertles ' ^ 

DIRECTIONS: ^estions 27-2' 



2?. 
28. 



(2 + t)t 
t. 3a(5_b + ^c) 



Using the distrlbuti've property write 
each indicated prpduct as an indicated sum without 
parentheses. 



29j 
30. 
3^ 



3S; 

33^* 



DIRECTIONS: Question^ 29-^1* Using the distributive property *rite 
each indicated sum as an indicated product. ■ 

33C + 3y _ , - ^ ' 

ay + by 

7y + 2y^ . . _. \ ^ ^ 

% ERECTIONS 



■I 



Using the prpperties^ of addition 



Questifens 32 and 
^^^^ and multiplication W2"ite each open phrase in simpler 



S3x + + lOx 



3a + b + 2 +' '+ 



I V 



Also^ see T.C*, 9F, pages TS-r^, Items 17=26 
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Chaptei-^^. OPM" SeiTM^ES AMD MGLISH SBNTENCES 
' Wrl'^img Open Phru^Qii fo r j^gligh 'ferasest 



-^RECOONBj 'Questions 1-13* W^ite an open phrdce aui^ggnted by each 
•of th^ follow.k:a aiCllsh phraaeG, Use only given 
. variable^/. * V.'^ . 

1/N The nMrnN^^v of Quai'tt^'^^ In t dollai^s. 

-2.' Th* ror± in centn^ of ksralic1na_or rasollne at^ o^--^ -centn per r';a.Llon. 

"i,' The PO£rt in rente of n *, candy ba^G at 'tj bar a L'ut ^ cuntD, • 

' -^i-. 1tiree-iourth:!\ oi'. thTt niimbGr dfT quectioni; on an ol-SG^^i'ti test c:un^i>;tin^ 
01' ^ que at tony. - ■ ^ " . ' 

V,- .Th'^v-iU'ceyror oi" the wliole number ii^-' _ .. / ■ 

" n. .Five more than = of the ^niimber n. ' \, * 

7. The totaJ number of cento in K quoxters^ d .dimes, and n nlekels, 

8. Tl'ie di/f-eronce oi' n and ^) if :.j > n. ' ' « 

^. Tfie nurnber x decreaoed by tliree times .another nufjbei' 'Y* - * . 

10^ Tlie pi^ouuct of [j airi the sum of 3 ancl y. 

11. Ihe number of squaa^e feet ih the area of a scjuare if i: representi^ -the 
numbe":' of feet in the side of the square, ' ' ' 

12, The number oi' inches in the perimeter of a rectangle, if ^-t is the 
numbei' of inehes in' the tenet h mid the length is twice the vidth. 

t ' : 

I'S- The sfnul-ler.of two^ tVUBibers if the* sum of the numberG Is 35 and the 
/ tarr^eiv numbei' is * " 
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Matching ^en Phrases and English Phrases - 

mRECTIONSf Questions ll+=21, * In each of the following select 
^ English phrase which might be represented.^by 
the given open phrase; 



1^, 3n ' ' ^ 



16, 12n 



a* Cost In cents of one orange at centg- 
per cloaen 

A:mu3= salary"^^^^^^^^at n dollars' 
per month 



n ' ^ ' 

12 - c, Ihe successor Of ^^^^^^i number , 2n 

l8. 2n + 1 




19. lOn + 3ihn) 

20. n ^ 1^) 

21. 15 = n 



d, -Iwo more than^he number n 
^ e, Tlie nuniber of feet in 'n yai'ds 
r, Tbe number of yai^ds in n feet 

g, Ihe nujiiber of cents in n dimes and 
^n ^ nickel - ^ 

h, John's age In years ^ n yearns ago^ if he 
is now 13 yearns old, 

i* Ihe numbe^ tliat is 15 less than n* 



IQk ' 
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■ Vfrltlng Open Sentences for English SentenGea : _ 

\ ^ """" " " " ^ ■ ^ . 

DIBECTIONSr ^leutionri 22-^^2, Write an opon sentence for each 

* English sentence. 

22. number of nlakels n in John J i:' not-ke^ ;U not- lees than 5. 

23.., .Five leds than the number n Ic- Jd. 

2U. The number of indrieo In tho side of a -qudre ir and its perimeter 

te' 35 inche s . . 
25. In a slass of 2? Gtii^.ent^ the number of hoy::^, b^ 3 ■ mort^ than 

the number of girls. 

26* The sum of two- thirds 6i' a number n and thi'ee- fourths 01" the sojrie . 

numbe}r is "11^ , ■ ' I 

27 * The*^ sum 0 f the.' wh o 1 e numb e r v sxi d i t a l: u c? c e g c o r is not e qu al t d IQO. 

28. Jo^ii Hac more^tffi.n I5 coins in hi:^ pocket of v/hlch there-^e n nickels 
and 3" tim^s ac mmxi climec as nickel::;* " ' ^ 

2^. John has less than 8^3 cents consl::tint: of U; nickels and 5 more 
' dimes than, nickels. 

30. The number of questions n op xhe Encli^n test is less than^ 50 a^id 
grteater thaii ^fO* - " 

31. The lencth of a rectanr^le is 3 in;^ien more than twice the width and the 
area is 35 square inches, 

32. Florie bought '30 staji:ps, some of them p^cent stamps and some 8^ cent 
stamps^ and spent |^l*7l* ' - 
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Chaptei^ 6, THE -REAI KyMBERS 
Tnie-Falne : 

1* The opposite of the oppo-ite of a ncQoiiv^^ niiniLei- ii: a iiGr^tiye number*^ 

2* For every real nuTnoer i.lie appo:;ite oi' A i- le:-- thrn or QrmiQ. 

to r. ' 

3, For every tbqI m]n^;or i- , Ui uV -o^ii-to vtJ y.; S^f /r 1/ ,:r-aler ih^ the 
oppOGite of - r. - ' 

For every poclxlve real numher r, |=r| 'i;; po.-itlve. 

J. The DQt or all ne|^ at ivf.; rationuj nuniber:- 1:; a irubret or tke ret of olJ. 
numhere ^01" aj'ithmetic', 

The ret of a:il rational nii:;ilerr 1.; a -iLret of t-he rox of 'all real. numherLU 

'7^ --/S Is a regj_ nuinber, ^ ' ^ 

1- a iu'^^^ativ^^ ra(..rbnaJ mmlov . 

" :J. ir a l£5 a real mmi'^^r ojiJ !■ 1- a i-^ai number, then exa':n one of the 

fallowing ir'tiHiei . . ^ . * / 

^ ■ , ' ^ 

10, If a i:.: a real nuniber an; 1 l:; a real nunu er^ the:i exaetly one of the 
follo^iin^; i:: lime: .. * 

/ - ^ I' < a , a < b . 



ComplotlQn : " 

11. C^nrnie.r - [b^-b! v/fi^-i^e b / 0. Ihe ;;i^eater oi' tlie two elements In 

n 1- caned the of \ . 

f ~ 

Each negative neml^e r- ihe oi a porltlve mimber, 

lu " For evei-y po:;ULve I'-ai inr.bi^r ■ 1. ; j b | . 



1^^. The L.et uf all non=;'erC' rea:i ni;::;: er;- clorer] im^ler the 

(i-.i; for) 

operation of l-if ir.r i b- i.e. ■ .: of ea^fb ef e!:.eiil . 

11^,. For ab! real nu-; ^ r.- al aa i ^ Ir a 1. tae onpcafte of 

' ^ b io the oppo:a le jI rn^"-n € ■:: . 

l4* ,We know^ that ; < 1, Maio ■ aa orber : tijle!:;eai nboiit xii-- opposite;; oi' 

1. ai r I 6, _ ' ' 



11^ 



17. Writ'e the coTranon numeral for Ih© opposite of' 



18, ^^Ite an orcler ntatement connecting -2 and, th# oppoBite of ^2, 



19, Consider the two-pdirits with' coordiiiateLi ajid Ttio pcjlnt with 

coordinate -tt Is to the of the point wLth cooMinate -3'5- 

^ . (rlGht^left ) 

20. Wrlte a sentence having the naro meaning an "a '^^ =3"^ nsinc the Gymhol 



,l\lple 



f'h.U-Qlple Choice : 

21, Which of the followiji^ numherc x:: the :p^eatent? . 

"a. The opposite of 0,28, ^ j . The oppOGite of -0,28, 

' b. i^e oppoGite of ^ 0.25* " ^"^^ oppx^site of -0,25, 

22, 1£ is negative ^ which of' the folilfewing Ic nooative? . 
a. ^t b, |t| G. |=t| d, ^( = t) 

23* If we know that and. y are real niiinbers with J v | |- |x| ariO* 

|x| - \y\ f then we may be^ :jure that ^ \ ■ - . ^ ' 

a, V - y ^ ^ c. - y or y > y 

b. ^ V ^ y or V < y ' d., v ^ y or v = =y 

2^. Wliich of the following ha:: the zuino truth set an the open Bentence 

2^. Wliich one of the followin;: has the Dume tnith set as the open 
sentence x 0 ^ ^ ' ^ 

a, X > 0 b, X > 0 s. X / 0 d. x 0 = 

26* Given the open sentences: 

I* (-3) < " oji'-! 5 < >^ 
II, (^;, ) < X and. 5 > X 
III, ( = :;) > X and > x 
^ IV. ( = > X Jjid 5 < X ' ^/ 

\ 

ihen 0 is the t'nith set, oi" ' 

0, I and- II only Ill and IV only c. II only d, IV only 
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Tru-Or^eta of Open Sentences t 

27 • Fi nd the t ru t h c e t o l' t h o ope n n e n t e"? ri r- e = ( = y ) , 

28 * , Fi n d the ^ru t h 0 e t . o f the op e n c g nt e n q t:> | - x | ■ , 



Graphs: ^. 

29* Draw the graph^f the net of intenori: le::c thari ^ ^4 and £3rGarter than 

DIKECTIONC: QuoctlonD 30-3/,. EQ'aw the craph of the trutli siit 



/ 



ul" ^ach^'of tht: f'ol Iciwlnr; open oentencea* 



30. 5 0^ ' 

-33^ . ^ 1x1 < 0 



Also, GCG T,C.^ 9F, pacGr; 137 = :133, item:: 



Hi 



Chapter 7. PEOPERHiiS OF ADDITION 
•Find ing Common Nsune ; 



DIRECTIONS: Qi;cstions 1-10. Find the eonLmon r>ame for eac 
of th^ I'ollowinr. 



X, (-20) + 6 

(-50 + (l5 + (.1^)) 
'5. =|5| + i-5l 

■ (-3) + y + 

^ 7. 1( = 3) . 5] ( = 3) 
^^=31"-^ i:2l) 



9, 
10. 



; Multlpl'^ Choice: ^ 

11, Each real ne/^atlve nuni^.^^r how liiaiiy additive inversas? ^ 

a, nono 1. ono # two d= It depends on the number 

,/ 

I'd. E^ch real non- nof^at '.ve nurnE'Or hac how many additive inverse'6? 

a, nono b. on^; . two d. It depends on the number 

-IK. 01 

1^* li" (^n^) + n (=^) i^'-' tm.'^' lor :;0!T;e number n^ then n Is 

ir 1x1 > x, ta--.u X i;; 

a, ne^ai.Lve non-neratlve 

b* pQEitive " -i* an;/ rea.1. numbei^ except zero 

Iti* Which 01' x;he "ollowinr naines a nvr;ativtj nu:nber? 

a.^ I ( = 7) - ( = :,0| ^ (^7) + lot 

h, '^'^^ 1=71 - ( = 

109 

115 



^ 16, Let R f^l\o,11 gild 



minW kt' is 



elemental ( In-iiu: .Lri)^ i./i^ or UJi vit^n.or.t ^.i.- M,-/!:')? .'■ ■ T'-^ <,:rV 

* . /.'vv:/:,.. 



a. H onlv 
17* Corir I'ler t 



^1 

f 



III. - i^M f- 



a. • i on ! 



very ttnci every z,-. 



a. ' X i I '.- 1 > t. 



■ I urn II 



ei'. ilie 



20. ir — 



(=:■) 
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Finc^ng O^uth* ^ Sets i 



^ DIRECTIONG: Questions 21-25* Find the truth se-^s of each of 
^ the following opett' sentences* JBk 



21. 12 + t ^ ^ ^ ^ 

§2. (^12) + t . i^k) - ' ^ 

23. (-12) + i-t) - (-^0 - ^ ' 

2k, \k\ + 5 8 

25, 23 + |^x| ^ 10 

. ■ •] ^ ■ 

Completion : 

26, What is the distance between -T and 3 on the numher line? 

21 1 What is the di stance between -8 and 8 on the nurtber line? 

28^ Jf the sentence ^ +- - y + is tme for some number ^ 

5 + + r""" - y ' Is true for the aame y. ^ 

29. .^-T3 + 1^ + (-11) = (-7) + ^11 + ( = 11)) is ti^e because of the . 
- property of . ^ < 

'30. (7 - 13) + ^ + ( = 17)) - (-13) + (( = 17) + 6) Is ti-ue because of the 
' property oV _ _ , 



X 



then 



If X + (^3) - 7 ic true for some number x, then + ( = 3)) +3^7 + 3 
is tinie for the samG number x because of the property of " 



See, also^ TA:., 7r^ , pm^o:: Vrf^inj, Items 1=9. 
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Chapter 8» PROPERTIES OF MJLTIPLICATION 
Fltiding Cormaon Name; 



DIRECTIONSi Questions. 1^8, ■ Vfrlte the comnon najne for each 
■ * of the following 

r. (-^)(a3)(4) 

3. -(72) _ • , 

/ 

^. (-5)(2)(-3) : • . 

5. ,|(-5)(2)|(=3) 

6. (=a)(7 + (=7)) 
7.,.a)(-7) 

8. =(-|)(.8)(4) 

/ ' ' ' 

Completion: 

o . . . 

9 = S 1 rr^l 1 f y the exp re s b i on ( - 3 ) ( U ab ) * 

f ~ ' - 

10- If the product of the real numbei^s t arid r is aei'o and t is 

negative^ then /r is 

11* (-5) - (.5)^(=i)(_6)) is tiaie because of , the property 

of 



12. (^5)^(.i)( = 6)^ ^ (-6) is ti-iie "because of the property 



Ij^ , If "iK ±= -39 is .time for some number then (35c)(i) ^ 1 

J- = ^ 

true for the same nLnnber x "because of the multiplication property 
of equality* 

o 

Ih^ ( = 5x) + 2x'^ + 3x 



15* 3x + (-6y) + i^hx) + (^y) ^ 
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DIREOTIONSi Queetions Writm ©ach of the following 

indicated produatG as an indicated siim^ wllec 
tcirms and almplify^ 



16, (ix ^ (-3y) + 5)(-3y)^ 

17. ((^x) + 1) (x + 1) =^ ^ 
13. (5X + 2)(x + ( = 1^ . ^ 



* Multj_pl& Choice : \ 

i 

ly* Which of the follOHlnf is a coi^rect application ol' the distrihutive 
prope^rty?' ( = 6) (^12) + ('^6) (5) - 

I 

a, (^6)(^12) G. ( = 6)(5) + (-6)(-12) . 

b. {^i2)U>) ^ d. (-6)((.i2) ^ p) 

20. Wliich of the followin,r is a coiTect wa.y to wlte t/ne opposite of 
+ i-lff) as aji indicated Kum?^ 



a^ 



h. X f y d. (^x) (-y) 



See, aiso, T.C, iT', pa;:e- ifia=2j2, Item:: 1^^., 5, 3, 



Chapter 9. MULTIPKCCATiVl lOTERSE 



FlndiDg Comon Nmg : 

1 1 ^ 

F2T ' ^ — 



2. 



-V 



mitlple Choice I 

3. If fi < -1 and t is the multiplicative Inyerse of which of the 

fDllovlng sentences is tme? 

a» t+n^l h, t + n>0 c. n>? ^ d*t>n 

i^. nie number x is a solution of 5 + Ux - x + 6 if a»d only if'* x is 

----- ----- ^. . - 

a solution of 

a. 3x ^ 1 ^' 0 h, 3x-^ 1 ^.c, x + 3 ^ 0 d. x ^ 3 

5, The sentence 2x + 5 - 1 is eqiiivalent to 

a. x+2sO h. x + 3^0 c. x^S 'd. x^3 

6. If p is positive smd n is negative^ which of the following sentence 
is net true? • 

a. i > 0 b. i>i i^i>0 d. 0 > | 

p " - P n . P n n 

7, If n is negative and t is the reciprocal of which of the 

following sentences is not true? 

1 ^ 1 1 T 

/a* nt ^ 1 n + t ^ 0 c. ^ ^ n d. - • ^ ^ 1 

'if ■ ' 
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DIRECnONS: Questions 8^12. Find the truth set of ©ach of 
the following* 



8. 2 + 3x ^ 0 



10. (-§)x - 2 



11, x(x + l) ^ 0 

12. + (-2)) (y + 5) = 



See, also, T.C,, 9F, p*Sges 211-SlS, Itemi 5,7, 9-lC 
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Chapter 10. PROPmTlES OF ORDES 



Complet ion; 



7. 

8. 
9. 
10. 



DIRECTIONS; Questions l-k. - Select the aorject ayuibol. 



1. (-28) +'S13 



(-30)+ 213 



(-1.99)(.99) (-2.01)(.99) 

(.1.99)(-.99) (2.0l)(^.99) 



4- Or de r Bt at erne nt s : 



If X < y; f o r eve r y c hoi c e o ±" "t hi o v or i ab 1 e n , m aJ^ ari o r d e i' ' s t at e me n t 
connecting ' antl -y* . . ^ . , 

If ^ < y for ^very choice of the vai'laDleSj make aii order statement 
connecting x + (-3) , a^id ^^y + ( = 3)* 

If t > 0 and y = X + t j niake an order otatement connecting x and 

If 0 < y < Ij make an order £3 tat erne nt connecting y arid - y*^. 

If y < 0^ m_^.e an oi'de^rsTO^ment connectin.^ y and y 

If 0 < X < y^ make an brdei" ^t^ateru^^nL i-jonnecting x"" and y" 



Multiple Choice : 



J 



11, Let X "be a real numbei'^ such that x"' 0. Trien which of the fullowlng 
in- true? 

X < 0 X ^ 0 



a. X 



"b. X 0 



IE. li^ (^■^)^ 2 ic tiaie for C"ome number 

f ol J.owingjrf s tini€? foi" the ^'ciine x? 



then which. oV the 



Jx^ 3 < 0 



1 * ^ 



13,. Whieh &t the f ollDvl^ leatefiees has the sme trut^^^sft as 

X 



■ •. ■ f . 

r ■ • ^ ■ * ■ ■ . 

TOie i#at€ne© (-x) + 3 > 2 is tquivalent to 
. a, X > *1 b, X > 1 * c, x<tl d. X < 1 

15. For war real nvmbmrs and t.^ if r ^ a and s ^: than 

a. 3f l> t b. r > t G. r<t d, r<t 

16, Which of the. following Is true If ^ < p x < 0 wid y < 0 ? 

a, X < y b, X > y c, x<y d. x^^ 

. ^ . ...... ^ . . . ^ ^ . 

. Ending 0[bm;th ^ts : " , ' . 

17 » Find t^e truth set of -x > 0* 

18. ^ Find thfe -truth of (-2) + y < i+ + y, ^ 
f * Gri^hing ^ruth Seta : 

19* Graph "Chr truth sat of x + ^ < 0- ' 

i'\ ^ - w _^ 

2b\ '*^h thfi^ truth sat of (-i)x < 2, ' 
21, Graph 'the truth ae-^ of -5x + 3 > 8. 

^ ^i.tlng Open Bentances ' 
, ' . DMCKONS- Questions £2 and 23* ^frlte m open ientehce for 

. : = each aiglish sentence, DO NOT SOLVE* 



22* 



Ttje product of tvo^ consecutive whole numberB Is greater than 100 an.^. 
the Iwger number is y. 



23, Th^ sum of a number t snd. its reciprocal is not less than the opposite 
of the number. , , 



See, .alBO, T.C, 97, pagei 210-212, Items l-£ 
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DteTOKC^tei QaestlonalW^*' Write the conmwn nm^ for each of 



1, (-28) vl3 - 



the folloviiig, 

4i 



2* 15 - (10 - 20) ^ 



If ^ 

5. ^fliat mmflDer is 5 Ip^^ than -8 ? 



6* What li the dfitasee hetvean -10 and -50 ? . ' 

7* Wiat la the distance between -10 and 50 ? 

8. For any real niimhers x and the difference x - y la the Bmm aa 
the smi of x and ^* - --^^^ 

9. For any real numhere x y^ y f( 0^ the quotient ^ x divided by 
y/ is the eame' as the product of x and » 

Multiple Cholce f " = ' 

. 1^ 

10, Clonaider the operation of suhtractlon. l?^ich of the folj^owing statement 
is true? . , ' 

a. Subtraction is associative hut not coranutatlve, - 

h. Subtraction is commutative hut not associative. 

* . c» Subtraction 1b a@sociative and coimmtative, 

d. Subtraction is neither associative nor commutative*^ 

i 

11, Consider the operation of division* Which of the following statements, 
Is true? 

a* Mviilon is associative hut not conMutative* 

h^ Mvision is commutative hut not associative* 

c* Division is associative and commutative* ^ 

di Mvislon is neither associative nor eommitativei. 



. ■ 11£ 



18. Lgt R the set of all real nmbera and lat S te the set of all 

negative rmwl numtera, Miich of these "iiCarf'J cloeed imder the operation' 
of su'btractlon? . 

ai^ RrOnly b. S only > c* Jtoth R and S d. Neither. R nor S 

13. Let ' E be the eet of all real numbers ^eKcept zero and let S 'be the 
set of all negative real numbers, ^ich of these ia(are) cJdOsed under 
the operation of division? 

, a. R only . b.;, S only - • C, Both.B and S ' d. Neither R^ndr S 

* lU, If X is any number for which |x + 2| < 3 is true^ then. which of the 



fpllowlng is true? 

a» The distance between 2 and x is less than 3, 

ab. The distance betveen^ -2 and x is less thsui' 3. 

^ ^ c ' The distance between -S SJid ^x is less thaq'' 3* 

d* The distance betveen 2 and x is less^ than |3l. 



in^nce^ "t 



15* ^Ich of' the following is it porEjc*t translation of the sen^nce^ "the: 
distance between x ' wid (-^) 'i is greater than J-'? ^ 

a. |x - if| > 5 . G, X ^ 1+ 



b. 



jx -^(-^)| > 5 d, x - i-k) >^ 



Order Statements" 



t 16, If y-x Isa negative number ^ write an order statement connecting 
X and y, 

17 • If y^ and 2 are real numbers aiid y - z is a positive number ^ 

write an order statement connecting x - y and x - z, 

V 

i 



See f bl\ -'^o 5 T ^ C * , 9*', pa^e b ^6? - 269 j Items 1 ^ a= e ^ j-'^ f o , 
'I . , 10-11. 



2; k, a, b, d| 



il9 

I2u 
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* Chapter FACTOffl iOT MVISIimTy , . 
1, 'Mit the four gmallest prime numbers, 



2- The Fundmental Theprem of M^lthmetlc tells us that every positive integer . 

' except, one the primes- has ' - -_ one prime 

_ ^ _ , (exactly^at leist'.more than) 

factorisation* 

3*^ If n ie odd^ then (n + 2) is . 

\feven^ odd) 

U. FindYthe priiai f actori^atl-on of '120, 



5* Find two numbers whose product is 120 and whoee sum Ib 29 < 



Find the smalleet positive Integer y foF^ which 6 ie a factor of 
12 + 13y- 



Multiple Qioice : 

7, Miloh of the following numbers does not have any proper prime factors? 

a, 115 b; li+3 ■ ^ c. 133 d". 117 J* 127 

8* %lch of the following is not divisible by ^ 3 ? 

3^(62 . 23) ' 0. ^ • ^ • oi 



a* 



h. (b'' + 6-) (2^) . ^ ^ d, 3^ + 6^ + 2^ 



2^ is a factor of which of the following? 
+ 2^ h. 2-^ + 3~ G 



. if 

10* 5 names the Bame number as 



a. 5 + 5 + 5 + 5 , 5 ^ 5 ' 5 ' 5. 

+ + + U + ^ d. k * k * h k ^ k 



11. A simple nami for (3^)(3^)" 

9 ^ -10 .12 . ^18 ^ ^2k 

a. 3- h. 3 j d. 3 3 



See, also, T*C., 9F, pa^es 309-310, Items 1^8, 11. 

' ' 120 



f ■ 



12 



4, U 



Gb^ter 13, raAOTCOHB 

■ ^'-y'.- ..» '-• ^ -■' ■'' ' ' .. * 

■ 2 15^ 

nnd tta least comDn denominatQr otf* ^ = ^ + 

^V/WM the product at --2 and the raciproeal of 3^ • '^'y'^ 

* 3, ^ Kia fraction, 2 may be Intei^reted as the ratio of , to 



km Vftien we vrita the phrase 



exaludei" 



and 



y + 5 



we assime that *the (totnain of 



Vft*lt# the comon name for: 
5- #<-j)^ ' 



Questions 7-lS. Sinpllfjr, 



4 ■ * 



- 8. 
lb. 



1 - X _ 

5x X 

2 

X + X 



11. 



X + 



X + 3 



12, 



1 

^-1 



^ 



Writing Open Sentenceg 



13 « Write Bxi open sentence for the following protaem, ^ DO NOT SOLVE* 

If the numerator of the fraction 2 is 
decreased hy^ the value of the 

resulting fraction is -1, By what 
ainount was the numerator deGreased? 
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127 



Is- 



If ' X and 'y as*© real n'^fljers such that x < y < Oj which of the 



following li positive? 



a. X - y 



1 

X 



X 



i - 1 

X 

7 



3ee, also, T.C, 9F, pagea 267-269 




I 

122-^' 

1 O ^ * 

o 

ERIC 



V ' .1 ^2 -1 0 

1. Wiich of the following ri^es th^' same number as (5x + ^i- . ) if x 

is 2 ? ' ; ^ , ^ 



2. Which of the followir^ names the rame '^tmher as 2^ t 



a. .2^ b." (-2)'' c. =^ d.' ^' e. (=l+)(2) 



- - ii' 5 - 

3^ Whlcli of the following names the laine number as 3 +3 1 

a. b. 1.(3^) c. 65 d. 3^° 

# 

ki teich of the following rifeunes the same numtjer as — I 

■ 3^ ' 

'3-2 -2 ^2 -2 

Va. (|) (|)^ b. ''c. (SfV ^ d. (|) 



5* If 2^^ + X ^ 5815 is true for some positive Integer x^ which of the 
following is tjnie? ^ ' 

a* ^ 2 is a factor of x, - Both 2 ^ and 5 sra factors of 

b. 5 is a factor of d. Neither 2 nor 5 S-ve factors of x 

Completton i ' ^ ^ 

6, If X and y are num'bers for which 2^^ * 2 - ^ 2" and 2 ^ * 2 = 2^ 



are true sentenceEj then x + y 



7. If "u and V are nurribers for which = 2" and ^— - 2 are true^ 



then - — - 
u 



DIRECTIONS: Qiie^-tionn H^l^, Simpliry ana write answer with 
positive expoMentG only* Assume no vai'lable has 
the value 0. , * 



x""(x^' + x") 



9. (k^ + x) 



123 



129 



^ Seej, mlBQf T.C* j 9F^ page -310^ Items 9^ 10> a and 



i 

12k 



aipter 15. BAmCAia 



HJMCTIGmi ^esWoHis 1-^* Sln^liry sash of th^ followlngi 



^- AAA 



a. fi6x3 



3. ■ • ''^ 



DlEECnONS: Questions 5 and 6* Rationalise the denominator. 



BlREC^ONSf Questions 7-9* Sin^lify, Assume that , x and 
axe positive mimbers. 



3 jjs:? _ f 



8. + - 1) 



10, =Elie number v2 -+ t , the coordinate of a point on the 

- T ^ (iSjis not) „ 

number line. ^ 

11* If ^ is a squaj^e root of the positive real number then the 

opposite of i a square root of t. 

(13^ is not). 



12, For every real number r_, vr 
13* For'^every real numbei' ^Jr 



l^s The number ,0008 1^= may be written as x lO"^"" where n is 



12 
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13* if r li a r©al numfeer^ which of the following names a positive 



If 300 is used as a first ^proximation to /ti3500^ the hast second 
^ aroroxiaiation ie ^ m 

V a. 278 . ^ 578 c. *2a9 ■ ^ • 285 ^ 

17. If V5i s 7.211 wid Vf^ s 2^80, ^whlah of the following approximations 
is incorrect? 

(Remember that the symhol ^-^-'y is -read "ia approximately egual to",) 
V.OOgS - .0^11 



d. /T52O » *22B 

e, s 72*11, 



c, vfso ^ as. 



Matching ; 



Column A 



DIRECTIONS: Questions l8-20. pO NOT SIfffLiFY,, Match each 
expression in Column A with the' corresponding 
domain of the variable as desc2"ibed in Column B* 

Column B 



18. / — 

X 



19. 



y X. 



+ 1 



a* Set of *all real numbers. f 

b. Set of all real numbers except zei^o, 

*Set of all non- negative real numbers. 

Set of all pOv^-itive real numbers. 



Se e ^ al s o ^ T\ C , , 9 F ^ p e l 33 ^ 3 - ^ > 1 1 e m c 
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1» Whleh of the follo^rti^ is a polynoml^ of degrae 3? 

r 

* a. (x3 + x)3 c. + X + 2^ . e. + 3 

b.. x^ + X - (x^ + d. 2 + x3 " 



» 




DICTIONS: 


Questions 2-8, Factor eorapletely. 




2. 












3. 




2 




■ - 




k. 


^ = 


6toi + 3^ 








■ 5. 




6a + 3 








6. 


3«3 = 


2 

6inn + ^ n 








n 
I ■ 




1 


• 


* 


1 


8. 


2 

Factor X - IC^ 


+ 21 


by coB^leting the square* 








DIRECTIONS: 




set • 


9. 




9x ^ 0 




■ / 




10. 


2 

X 














DIRECTIONS: 


Questions 11-1^4^, Wlte each expresi 


lion in cotnmon 










polyiiOTTil al form. 




11. 


(Sa + 


3a- - 5) + 


(7a - 


+ 11) 




12. 




^~ 21f + 5) - 








13. 












lit. 


- : 


5)(a ^ 1) 









15/ A form with ratioriaJ. denominator for L 



\ 

T*C. ^ 9F ^ No reference 
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1, Coarater %hm'p02ytuMmlmt 



I* 3^ - '6X . X ; %^ - X = 6 III. X® - X + 6 

Whieh of these Ig factorable over the Integers? 

a. I on^ * II only o* Hi qnly tt^ II, III 

e. sone of thege 



2. Coniider the poJ^omlale^ 

I* - 6 II, + 6 III. X- + 6x * 

^ftilch fof these Is f actorahle over the real n-mhere Imt is not factorable 
over the integers? * 

a, I only h. II only c. Ill on^ d, 1^ II, III . " 
I a* none of these 



3* Consider the fofraa: 

I, x(x + 2) 1 II. (x + 1)^ - 2 III. (x + 1 + /2)ix + 1 - Vi) 

__ ■ V 2 

Vftilch of these la a factored form of x + &e - 1 f 

a, I only II only c. Ill only d. I, 11^ III 

e, none of these 

^4^4 ^Determine the standard fonn of the quadratic polynomial x^ = 5x'+ 8. 
.2 -7 . 



(-1) *i - e-iT*f 



,2 
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5. Find the truth set of the equation (x + 3)" ^1 = 0, 



> 



^ - " ^ . ' , ^ " ■■ 

6t Wiich one of the following quadratic polynomials ' can be factored ov©r the 

reals but cannot be factored over the integers f 

2 ' - 2 

a, 2x + X d. 2 + 2x + x" 

2 . - ^ 2 I 

-1 + K ' * ^. /f i 2 + X 

^ - 2. ' 

C^f -1 - 2K - 31 



Factor^ CQtnpletely : 

7, ^ ll:c + 7 

8. 2x^'= 3x - 2 



Find the Truth Set of: 



9r 5x^ + i+x = 1 
10, + 7 = 6x 



Sbb, alsq, 9F, pages 392-393> Items 2, 6, 12 

pages 5'70-57l., Items 3^ 5i 6 
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©liptcr 18. EkTIOML IDCPRESIONS 

OoBpletioa r • / 



1, Thm domadn of x for the egression P does not Include the 



^ ^ g pjid X + 5 name the same nuffiber for 



2* Thm expression (x + y)(x^ 2) 

X - 2 

value( e) of the variable, 

3- Find t^e quotient and. the remainder if 6x^ 3x Is divided by &c.+ 5, 
Quotiant^is ^ remainder is ^ ^ - ' 



DIRECTIONS^ Questions Sln^lify. l^ite your result as a 

single indicated, quotient of two polynomials >rtilch 

do not have common factors* 



^ (X ^ if 

■ X - 1 



5. 



1 



3x - X X 

1 ^ 



X + P 



Multiple Choice - ^ 

7. Consider the expressions: 

i ' I - / 2 - ^ 

I^^ X + |x| II. X -H /x_ III, X + x~ 

Wiich of thtse is a. rational expression? ' ' ^ ■ [ 

a. I only ^ II only c. Ill only ^ ^^d* 1^ 11^ III 

none of these 

■ Find the tnrth net i i 
X + 3 X - 9 . " 



'see, also, T.C, nr^ nn^es 392=393, Ite^:I^; J, 3=5, 9, 10, I3 
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Ch^ter 19* TRUni SETS OF OPi£N BEMmCES 
^^ Ihiltlple Choice : 

1. An operation which eJ^w^s yields on equivalent sentence is 

a, multiplying both memhers of the DenteriW^^by the iieme 
expression, 

' adding the same reaH number to hoth rnembers* 

c* squaring both merabe-rs. 

: and y^ the sentence x"" - Is e.qulvalent to 



2* For any real number 

a* X = y 

X 3 -.y 
c, X * iy| 



d. !x| ^ J 

e* (y - x)(y + x) - 0 



3, Which of the following sentences is equivnlent to the up en 
sentence x + 5 - 0? 



I. x(x + ^) ■ 0 



.4 



a, I only VI only 



both I and II neither I nor 11 



Wliich of the following sentences is equivrilent to tht- open 
sentence 2x - 1 . - 0? 



a* . I .only b= II only 



II, (2x)" . 1 



both 1 end 11 d. neither I nor II 



J"? 



F^nd the truth set: 

3 ^ 2 
x = 9 " X + 2 



6. /x - 2 + 



7, (x" = l)(x \j - 0 



I. (x^ ^ 9)(x -Ml) - 0 ^ 



x" = 1 



1 "1I 



13^ 



10. 2x ^ /x" ^ 1 



11. x(x - 2) + 2(x - 2) ^ 0 



12* k(x - 2) ^ 2(x - S) 



, DIRECTIONS: QuestJ.ons 13-1:3. Graph the ti-uth net of each of 
I the following sentences. 



13. (x^ + l)(2 ^ x) < 0 
2 



1^, 



< 1 



15. ^|x| > 3 
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Chapter 20* Ml GRAHI OF Ax + ft^ + C-^ 0 

DIRECTIONS I Questions Refer to 

the graph shown at the 
right and the points 
A, B, C, D, E. 

li Ngune a point whose first coordinate 
is 0. 















































A 
























r= 


























































lE 












































c 














B 








































D 





























































2. Name a point whose ah^scissa is -2. 

3. Name a point whose ahscissa is negative and whose ordine^te is negative. 
hi In which qiiadrant is point B? ' * 



' 5*' In which quadrant is a point If each coordinate of the point is negative? 

6* What is the value of k if the line 5x + 3y - 2 ^ 0 contains the - 
point (i+,k)? 

7* ^at is value of t if the point (-3j£) is on the line with equation 
tx ^ 5y + ^ 0? 

8. What is the slope of the line containing the origin ajid (-B^?)^ 

9, Vfrite an equation of the line ihrou^h C=-'3?5) with no slope. 
10* Write an equation of the line through (-3^5) with slope 0* 

11. Write an open sentence which describes the set of ordered pairs for 
which the ordinate is twice the opposite of the ahscissa if (0,0) is 
one o^/Che ordered pairs , 

12. Find the slope of the line through the points (B^-S) and (^5^^6). 

13. Find an equation of th^line through the points C3^-'2) and 

. Writf your result in thf form Ax + ^ + C = 0, where A, B, C are 
integers, 

1^4=. Find the y-lntercept of the line with equation 2x + y + 3 ^ 0- 

.15. What is the slope of all lines pajmllel to the line with equation 
2x + y + 3 ^ 0 ? 



133 

139 



l6. \frite the y-^form of an equation of the line whose Intercept is (0^-2) 
rind whose nlope ic ^ 

IT* Write the y-form of the equation 2x 5y - 10 0, %s 

l8< Draw the graph of 2x + 5y - 10 = 0. 

19^ Consider "x + 3 ^" 0" as a sen te nee in two variahles x and y* 
Then dxav the graph of x ^- 3 - 0, 



See, also, T.C, 9F, peges lf98=^99\ Items Uh; 6i 1 , a, h, c, e, f| 8^ Q-11. 



I3U -.^ 
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Chnpter 21, aRAPHn. OF OTHH^ OFIll BMCTCEG IN WO VARIABLK^: 

1, m:i'-ih of the rollowlnf; open pentericers cleccribeL; the hall" nlrme cuch thnt 
eve:^y orclin-ite ri^eater ir.-m five tir;or the --^bf^cinnn? 

2. ^vl:ieh 01' the rol-lowin;^; Ope:; ::ente!icer^ dercj:-ileLj the L^et oX 'lU poir: 
for which the Mh^cior;:? i^: :i non-pOoitlve num! ei-?' 

rt, X < 0 V. X < y , c... y < 0 d. y < x 

•;u hor I zo:it:^.i lin^-:. 0. vertical line. 

h, nalr ^^V :iorlzont:i.-l lin^^o;::, d, p-iir of verticru linep. 

* 

h, I'/^iir-h -ih^! ;'o!lowirir open i.entonce:;- dencrlhen a pnlr of llney parallel 
tu the verti^-'-:'! fAjxii ';nd unit;; from the vertiC'i] axis? 

lyi . ^ y ^ 1x1 ■ 3 .d. X - |3y| 



mU^'h oi" the iojlowinr i.: Mie yr-pn of the renLerice iy| ^^-x? 




1.35 
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Chapter 22, BYBTmB OF EQU^IONS AND INEQUALITIES 
Multiple Choice r 

1. If the graphs of two equations are parallel lineE, then the system hag 

a* no solution. two solutions, 

■h, one solution.^, cl. infinitely mariy solutions. 



2- The graph of the truth set of the Gentence 
t 

" 3x 4= 2y + 1 - 0 ar-jd 2x + 1 ^ 0 

a* a- pair of parallel lines, c. one line, 

h. a pair of intersecting lines , one point. 



Tlie graph of the truth set of the system 

J y + X > 5 
I y - X < 5 



a. one point. d. the entire pLaii©* 

one line* a region, 

a pail" of intersect ing lines* 

' The graph of the tmth set of the system 



i 7 + X 



Is 

a* one point, d./ the entire plane, 

h, one im^* ' e, .a region, 

c. a pair of intersectino lines. 
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Determine which of the graphs' shown below is the graph of the truth set 
of the nyotem 

j y + X < 2. . ^ 
I 2x - y > 1 



\ 



2> 



/ N 



2\ 3 

\ 

s 



\ / 

V 

/\ 

J i \ t 



i 2 s 3 
\ 



/ I 2^^ 3 

\ 

S 



/ [ 1 



rsetermlne whlcii one of the I'ollowlnG oi'dered pairs Is a oolutlon 'of the 
nyfitem 



b. (o,.U) c. ( = );,0)' ^ d. (h,0) 

Wnloh one of the l'Q].Iowing ncntericec irj equivaJ ent to the Bentsince 



0 ?Lr:d y 
0 r,rA Y 



. X t- P 0 or y = 3 > 0. 

(^~-, x ^- 2 < 0 or y = :^ < 0, 



0^ or X P < U Djici y 
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8* Tite sygtem ^ 

\ 3~x ^ 3y ^ ^ - c 
has infinitely majiy solutions if c equals 



9. If {(a/3a)) is the truth set of the system 
then b equals « 



3x - y - 0 
X + y = b 



10. Find the point of intersection of the lines y ^ x and 2y + x + 5 



11, Find an equation of the vertical line through the point of inter iect ion 
of the lines x + y + 3 = 0 aiid x ^ 1 - 5y^ _____ 

/ 

12*- Find the solution of the system 



J* y - X + 3 - 0 

i y + X ^ 1 = 0. 



13, Graph the truth set of the open sentence 

(x + 2)(y - 3) > 0. 



See^ also^ T*C*^ [JF^ .pa^es 'jhO^'jh^^ Items 1-11. 



Chapter 23, GRAPHS OF QUADRATIC POLYNOJCALS 
-Multiple Choice : 

2 

1. Find an equation -of the graph obtained "by moying the graph of y ^ 
th r e e units to the r i g h t gn d v e r t i e al 1 y d o wnvaj" d five u_n its, 

a. Y - (k + 3)^ + 5 c. y - (x + 3)'"^ - 5 none of thes 

. h, y ^ (x - B)"^ + d. y ^ (x - 3)"^ - 5 

2. Find the vertex of the parabola whose equation ic y - =(x + 2)~ -+ 3, 



Find an equation of the axis of the parabola y^_(x- 3)^ + 1- 

a* X ^ 3 b^ X - =3 c. y - 1 d. y = -1 



Ifetermine the largest vsLlue of the expresBi^i =(x - 2)^ - 3* 

a- -2 b. 2 .. ~3 d, 3 e, -7 

/ 2 * 

11 c an d d ar e n e g at 1 v e re al ^nu mb e r s ^ the g r ap h o f ( x + c ) + d 

a, lies entirely rtbove the x^axis, . , 

b* lies entirely below the x=.axis* 

Cs cannot cross the x^^axis. 

d, touches the x=ax;iE in exactly one point, 

e, crosses the x=axis in two points, 

Wh 1 c h o ne o (' t "h e i 'o 1 1 0 w i ng e <\vi at. i o n s d o e s no t h av e t wo d i f f e re n t re al 
solu^lbTiS? 

a. x"^ *^%x - 0 d. X" + hx -f= 3 - 0 

'bl;-x~ + '^x I - 1 0. x^ + kx + k - 0 
c> x^ + hx + 2 = 0 



! 



IhO 



7p tmth net of + ^^x + 1 - 0 is 

8. With reference to a ningle net of coordinate axe:;, draw the graphs of 

a, y ^ X ^ c. y . - (x + 3)- 

b. y - x^ 3 d. y - (x f j)^ + 3 



Bee, cLlf^o, T,C., 91', P^^/^en v70-^/n., Item:.: 1 = -. 
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Chapter EmCTIONS . 

y 

1, Let g a function dgfined by the equation 
The domain ©f g does not include 

2, Let f "be the function defined by the equation 

o 

f(x) - x" , for every re'iJ number x. 
Find f (a + l) ^ f (a - l) . 

a. 2 k . Q. 2a d. -2a e, ka 

3, Consider the function f such that f(c) - d^ where c and ' d bxb 
real numbers. V/hlch one of the followlnf^ pointy i s on the graph of f 

a, (c,d) b. (c3,c) c. (-c,^d) d. (-d, = c) e. none of the 

X^et t' be the linear runctlon defined by the equation 
» 

f(:x) 5x -^-'Yj for every rend number x. 
I'lnM number c Duch that ^ 0. 

5. I^t £: be the function defined by the equation 

It(x) - Of ^'-^^ every real number x. 

Find. 



See, alsoj 9F. P^'gec 'fl2=^"lU. 
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